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Abstract 

Let g be a finite-dimensional Lie algebra and M be a g-module. The Fernando- 
Kac subalgebra of q associated to M is the subset g[M] C Q of all elements g £ 
which act locally finitely on M. A subalgebra I C for which there exists an 
irreducible module M with g[M] — [ is called a Fernando-Kac subalgebra of g. 
A Fernando-Kac subalgebra of jj is of finite type if in addition M can be chosen 
to have finite Jordan-Holder [-multiplicities. Under the assumption that g is 
simple, I. Penkov has conjectured an explicit combinatorial criterion describing 
all Fernando-Kac subalgebras of finite type which contain a Cartan subalgebra. 
In the present paper we prove this conjecture for qc^l Eg. 

1 Introduction 

Let g be a finite-dimensional complex Lie algebra and M be a g-module. The Fernando- 
Kac subalgebra g[M] C g associated to M is by definition the subset of elements 
of g which act locally finitely on M. The fact that g[M] is a subalgebra of g was 
independently proved by V. Kac and S. Fernando, jKac85j , Fcr90 . The g-module M 
is said to be a (g,t)-module if t C g[M], and to be a strict (g,B)-module if g[M] = t. 
A subalgebra I of g is defined to be a Fernando-Kac subalgebra if there exists an 
irreducible strict (g, {i)-module M. Under a root subalgebra of g we understand a 
subalgebra of g which contains a Cartan subalgebra f) C 0. 

A (g, t)-module M is of finite type if for any fixed irreducible finite-dimensional t- 
modulc V the Jordan-Holder multiplicities of V in all finite-dimensional t-submodules 
of M are uniformly bounded. A Fernando-Kac subalgebra J of g is of finite type if 
t = g[M] for some irreducible (g, l)-module M of finite type. Otherwise, i is of infinite 
type. In what follows, g will be assumed reductive. 

This paper completes the classification of the root Fernando-Kac subalgebras of 
finite type of the classical simple Lie algebras. This classification was initiated in 
[PS02, PSZ04 . It is proved in PS02] that every root subalgebra of g is a Fernando- 
Kac subalgebra, not necessarily of finite type. In |PSZ04] . I. Penkov, V. Serganova and 
G. Zuckerman gave a construction of an infinite family of irreducible (g, t)-modules 
of finite type by using a procedure of geometric induction from irreducible (prerf, f))- 
modulcs of finite type (pred stands for the reductive part of a parabolic subalgebra p). 
This enabled them to determine all root Fernando-Kac subalgebras of finite type for 
g = sl(n), as they showed that all such subalgebras arise through this construction. 
Furthermore, I. Penkov conjectured an explicit description of all root Fernando-Kac 
subalgebras of finite type in terms of their root systems. It claims that two conditions, 
the "cone condition" and the "centralizer condition" (see Definition 13.11 below), are 
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necessary and sufficient for a subalgebra to be a root Fernando-Kac of finite type 
(Theorem 13. 2[) . The "centralizer condition" is a consequence of S. Fernando's result 
|Fer90] that Lie algebras of type B and D do not admit strict irreducible (g, f))-module 
of finite type, and is trivially satisfied in both types A and C. Moreover, it can 
be verified that Penkov's conjecture is compatible with decomposing a semisimple 
subalgebra into simple ideals, hence it suffices to prove it for the simple Lie algebras. 

In the present paper, we prove Penkov's conjecture for all simple Lie algebras 
except Eg. The proof of Theorem 13 . 2 1 has two distinct parts. The first part establishes 
that all root subalgebras [ which do not satisfy the cone condition are Fernando-Kac 
subalgebras of infinite type. This is the main contribution of the present paper and 
makes up for all of sections |4] and [5] In section 01 for any root subalgebra [ we give 
a combinatorial definition of an I-infinite weight (Definition I4.1[) . equivalent to the 
existence of certain sl(2)- subalgebras of g with pairwise strongly orthogonal roots. 
Then, assuming the existence of an [-infinite weight, we construct a 6-type of infinite 
multiplicity in any strict (g, [)-module. 

In section El we complete this first part of the proof by showing that, for a simple 
Lie algebra gc^ E$ , the failure of the cone condition implies the existence of an [-infinite 
weight. The argument for the classical Lie algebras goes through classifying minimal 
cone intersection relations (Lemma l5.5l) . The proof for the exceptional Lie algebras F4, 
Eq and £7 involves a computer computation, performed by a CH — I- program written 
by the authoiQ. It is our conjecture that the failure of the cone condition implies the 
existence of an [-infinite weight for the exceptional Lie algebra E$ as well; we have not 
yet been able to prove (or disprove) this fact due to the size of the computation. The 
latter issue should be resolved algorithmically in the near future. 

To complete the proof, for a given root subalgebra [=f3n satisfying the cone and 
the centralizer conditions, one constructs a strict irreducible (g, [)-module M. Such a 
general construction is already contained in [PSZ04] ; here, we only show that any root 
subalgebra [ as above provides input data for it. This is ensured by Proposition l6.ll 
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2 Preliminaries 

The base field is C. £/(•) stands for universal enveloping algebra. A reductive Lie 
algebra g and its Cartan subalgebra f) are assumed fixed. All root subalgebras of g 
we consider are assumed to contain rj. The f)-roots of g are denoted by A(g). By [ we 
denote a variable root subalgebra of g with nilradical n. We denote by ? the unique 
reductive part of [ which contains (), and we write [ = t~3 n. The root spaces of [ are 
automatically root spaces of g, and we denote by A([) (respectively, A({)) the set of 
roots of [ (respectively of t); A(t) c A([) c A(g). We also put A(n) := A([)\A(t). 
There are vector space decompositions 

= Oe g a , ( = f|® 8", 

aeA(g) aeA(l) 

« = t)© Q , n= Q ■ 

aeA(l): a£A(t): 
-aeA([) -agA(l) 
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We fix a Borel subalgebra b D f) whose roots are by definition the positive roots; we 
denote them by A + (g). Given a set of roots /, we denote by Conez(/) (respectively, 
ConeQ(J)) the Z> -span (respectively, Q>o-span) of /. 

The form on h* induced by the Killing form is denoted by (•,•)• The sign J= 
stands for strongly orthogonal; two roots a, [3 are defined to be strongly orthogonal if 
neither a + (3 nor a — (3 is a root or zero (which implies (a, (3) = 0). We say that a 
root a is linked to an arbitrary set of roots / if there is an element of I that is not 
orthogonal to a. The Weyl group of is denoted by W. For two roots a, (3 e A(g) we 
say that a < (3 if (3 — a is a non-negative linear combination of positive roots. 

For any subalgebra s C g we denote by N(s) (respectively, C(s)) the normalizcr 
(respectively, the centralizer) of s in g. If s is reductive, we set s ss = [s,s], and if 
s contains h, we denote by s re d the reductive part of s containing f) (in particular, 

Lemma 2.1 Let 6 C fl 6e a reductive root subalgebra. Then C(t ss ) = f)i® © Q J= 
g", w/iere f)i = {h e f) | 7 (/i) = 0,V 7 e A(t)}. 

Proof. Let x := h + J2 a eA( B ) a «-9 a e C where ,g Q e g a . For any 7 e A({) we 
have = [x, g 1 ] = 7(/i).g 7 + J2 a eA(s) a a c a79 Q+7 i where g a+1 = if a + 7 is not a 
root and c Q7 7^ whenever a + 7 is a root. Therefore a a = for all a which are not 
strongly orthogonal to A(t) and 7 (/i) = 0. On the other hand, it is clear that when 
7 (/i) = for all 7 e A(t), and a Q arc arbitrary, then /i + X} a ± A(t) a a#" i s an element 

ofC(e„). □ 

We fix the conventional expressions for the positive roots of the classical root 
systems: 



A„,n > 2 
B ni n> 2 
C„,n> 2 
D n ,n > 4 



A+(g) - {e, — Sj\i < j e {1, . . . , n + 1}}; 

A+(g) - {e, ± ej -|* < j e {1, • • • , n}} U { £j |i e {1, . . . n}}; 

A+(g) = { £i ± £j |i<ie{l,...,n}}\{0}; 

A+(g) = {e j ±e J -|i< j e {l,...,n}}. 



3 Statement of the result 

Definition 3.1 (7. Penkov) 

(a) Cone condition. ITe say i/iat [ satisfies the cone condition if ConeQ(A(n)) n 
Cone Q (Sing bnt (g/[)) = {0}, where Sing 6n{ (g/[) := {a e A(g)\A([)|a + 5 £ 
A(g),V(5 e A(b) n A(6)} are ifte weights of the b n ^-singular vectors of the 
t-module g/[. 

fo^ Centralizer condition. JVe say that I satisfies the centralizer condition if a (equiv- 
alently any) Levi subalgebra of the Lie algebra C(t ss ) n N(n) has simple con- 
stituents of type A and C only. 

Remark. The cone condition (a) holds as stated if and only if it holds with Q replaced 
byZ. 
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Theorem 3.2 Let I = {3 n be a root subalgebra of g ~ sl(n), so(2n + 1), sp(2n), 
so(2n), G 2; F4, Eq or E?. Then [ is a Fernando-Kac subalgebra of finite type if and 
only if I satisfies the cone and centralizer conditions. 

We present the proof in section \§\ Note that the criterion of Theorem 13.21 is en- 
tirely combinatorial. This clearly applies to the cone condition. Checking the central- 
izer condition under the assumption that the cone condition holds is also an entirely 
combinatorial procedure. Indeed, in this latter case Proposition 16.11 below gives that 
C(t ss ) n N(n) = C(t ss ) n N(C(t ss ) n n), i.e. C(t ss ) n iV(n) is a parabolic subalgebra 
of C(i ss ). Therefore checking the centralizer condition reduces to checking the type of 
the root subsystem Q n — Q C A(g), where Q :— {a g A(g) | a± A({), such that for 
all j3 € A(n) with /3± A(6), either a + f3 £ A(n), or a + (3 is not a root }. 

In the case when i = f) (i.e. [ is solvable), the cone condition is equivalent to the 
requirement that n be the nilradical of a parabolic subalgebra containing f) (see [PS02. 
Prop. 4] and also Lemma T5. 81 below). Furthermore, using Corollary 5.5 and Theorem 
5.8 from [PSZ04] . it is not difficult to show that when g is of type A, the cone condition 
holds if and only if n is the nilradical of a parabolic subalgebra of g which contains t. 
This is not the case in type B, C, and D. Here is an example for type C . 

Example 3.3 g = sp(6), A(f) = {±2e 2 ,±2e 3 }, A(n) = 2e u ei + e 2 ,£i - s 2 - A 
computation shows that Sing bn{ (g/[)) = {e 3 + £1,62 + £3, £3 — £1,— £1 + £2,— 2£i}. 
Thus the cone condition is satisfied, but there exists no parabolic subalgebra p with 
n = rip. Indeed, assume the contrary. Then there exists a vector t g h with a(t) > 
for all a € A(n), and a(t) < for all other roots a of g. Therefore £2(0 = £3(£) = 0, 
£\{t) > 0, and (£1 + £3){t) > 0. Contradiction. 

To illustrate the cone condition in the non-solvable case, we present all non-solvable 
root subalgebras that fail the cone condition in types B3 and C3 (Table 13.41 below) . 
These subalgebras are, up to conjugation, all non-solvable root subalgebras of infinite 
type in types B3 and C3. Indeed, the centralizer condition is trivially satisfied in 
type C3. In type B3, the centralizer condition holds for [qe fj, as the root system i? 2 
is isomorphic to C 2 . Up to conjugation, in so(7) (respectively, sp(6)), there are 11 
(respectively, 16) non-solvable root subalgebras that fail the cone condition, and 32 
(respectively, 38) non-solvable root subalgebras that satisfy it. 



fl - so(7) 



A(t) is of type At+Ai; 


A(n) 








A+(C) = £i-£ 2 , £l+£ 2 


— £l+£3, £2+£3 5 "£2+£3- 


-£l- 




A(t) is of type Ai; 


A(n) 


=£l-£ 2 , £l+£3, £l"£3, £l 






A+(t) = £3 


A(n) 


=£l+£3, £l-£ 3 , £l 








A(n) 


=£3, "£2+£ 3 , -£l+£3 








A(n) 


=£l+£2, £l"£3, £2"£3, £l" 


h£3, 


£2+£3 




A(n) 


=£l+£2, £l"£3, £2-£3, -£2 


-£3, 


-£l-£ 3 


A(t) is of type An 


A(n) 


=£l+£2, £l"£3, £2"£3, £lj 


£2 




A+(€) = £i-£ 2 


A(n) 


=£l+£2, £i-£3, £2"£3 








A(n) 


=£l+£2, £1, £2 








A(n) 


=£l-£3, £2"£3j -£2"£3j -El" 








A(n) 


=£l-£3, £2"£3 







fl g sp(6) 
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A(n) 


=2ei, 2e 3 , 2e 2 , e 2 +e 3 








A(n) 


=2ei, -2£2) -2S3i _£ 2-£3 








A(n) 


=£l+£3, £l+£2, 2^3, 2^2, &2+£3 


A(l) 


is of type 




A(n) 


=£l+£3, £l+£2 


A 


f (E) = -£ 2 


+e 3 


A(n) 


= 2£ 3 , 2£ 2 , £ 2 +£3 








A(n) 


=£l-£2, £l-£ 3 , -2£ 2 , -2£3, -£2-£3 








A \ 

A^nj 


=£l-£2, S1S3 








A(n) 


=-2e 2 , -2e 3 , -£ 2 -£ 3 








A(n) 


=-£2+£3, 2£3, -2E2, £i+£3, -£i+£3 








A(n) 


=-£2+£3, 2£3, £i+£3, -£i+£3 








A(n) 


=-£2+£3, 2e 3 


A(t) 


is of type 


^i; 


A(n) 


=-£ 2 +£3 




A+(t) = 


2ei 


A(n) 


=2e 2 , 2^3, £i+£2, -£l+£2 








A(n) 


= 2£ 2 , 2£ 3 








A(n) 


= 2£2, £l+£2, -£l+£2 








A(n) 


= 2£ 2 . 



I — <"^2 

Table [33] 



Non-solvable root subalgebras that fail the cone condition in types B 3 and C 3 . 

4 A sufficient condition for infinite type 

Let I = t3 n be a root subalgebra, let M be a (g, [)-module. For every root a € A(g) 
choose a non-zero vector g a € g" such that [g a , g~ a ] = h a , where h a is the element of 
J) for which [fr Q , = (a, for all £ <= A(g). 

By Lie's theorem, there exists an b n [-singular vector v in M. Suppose that there 
exist roots a, € Sing bn{ (g/[) and ft € A(n), as well as numbers a,*, bj G Z >0 , such that 

the vectors of the form ((g- pi ) bl . . . (p - ^) 6 *)* ((g ai ) ai ■ ■ ■ {g ai ) ai ) t -v for t € Z >0 have 
the following three properties. First, these vectors have the same f)- weight; second, 
they are linearly independent; third, each of them projects naturally to a b n [-singular 
vector in an appropriate [-subquotient of M. If all three properties hold, then M is a 
(g, [)-module of infinite type as the irreducible [-module with highest weight equal to 
the weight of v has infinite multiplicity in M. 

The above summarizes our approach for proving that the failure of the cone con- 
dition implies [ is a Fernando-Kac subalgebra of infinite type. The present section 
establishes that the three properties in question hold under an additional assumption. 
In section [5] we prove that this additional assumption is satisfied whenever the cone 
condition fails. 

Definition 4.1 

• Let I be a set of roots and uj be a weight. We say that uj has a strongly orthogonal 
decomposition with respect to / if there exist roots Pi £ I and positive integers 
hi such that uj = b\fi\ + • • • + bkfik o,nd fij for all i,j. 

• Fix [ = t~S n C g with neb. Let uj be a weight. We say that uj is two-sided with 
respect to I, or simply two-sided, if the following two conditions hold: 
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— w G Conez(Sing bn j(g/l)) n Conez(A(n))\{0}, i.e. there exist dj G Z >0 , 
Oj G Sing bn{ (g/[), &j G Z>o and ft G A(n) with 



— among all expressions for lj of type (Qp 7 there exists one for which [g Q1 , n] C 



• Let uj be a weight. If OJ is both two-sided and has a strongly orthogonal decompo- 
sition with respect to A(n), we say that lj is [-strictly infinite. 

• If for a given weight lj there exists a root subalgebra i containing 6, such that uj 
is I' -strictly infinite in t, where I' := [fit = 63) (tfltl), we say that uj is [-infinite. 

Lemma 4.2 Given [ = f3nCg, there exists h & t) such that j(h) = for all 7 G A(6) 
and p{h) > for all /3 G A(n). 

Proof. Since t)3 n is a solvable Lie algebra, it lies in a maximal solvable (i.e. Borel) 
subalgebra; assume without loss of generality that this Borel subalgebra is b. Fix 
hi e f) such that 7(ft') > for all 7 G A+(fl). Let h" G f) be defined by 7 (/i") := j(h') 
for all 7 G A(6) and a(/i") = for all weights a G A(6) x . Set h:=h' - h" . 

We claim that h has the properties stated in the lemma. Indeed, let n' G n be a 
6-submodule of n. Since 7(^1) = for all a G A(t), the value r ■= /3(h) is the same 
for all roots /3 G A(n'). Our statement is now equivalent to showing that r > 0. 
Assume on the contrary that r < 0. Let the sum of the weights of A(n') be A, i.e. 
A := E f g ! eA(n') ft- Then X ( h ) = #(A(n'))r- < 0. On the other hand, the sum of 
the weights of a finite-dimensional {! s;5 -module always equals zero, i.e. A G A({) ± . 
Therefore X(h) = X(h') - X(h") = X(h') > 0, contradiction. □ 

For an arbitrary weight /i G f)*, denote by L^(t) (respectively, L^(g)) the irreducible 
highest weight ^-module (respectively, g-module) with b n ^-highest (respectively, b- 
highest) weight [i. 

Lemma 4.3 Let uj be a weight that has a strongly orthogonal decomposition with re- 
spect to A(n). Let A G f)* be an arbitrary b PI t-dominant and ^.-integral weight. Then 
there exists a number to such that, for any t > to and any Q-module M that has a 
(b n 6)3) n-singular vector v of weight A + tuj. it follows that M has a t-subquotient in 
which there is a non-zero b C\t-singular vector w of weight A. 

Before we proceed with the proof we state the following. 

Corollary 4.4 Let g, b, I = 63) n ; A anduj be as above. Then there exists to such that 
for any t > to and any (g,t)-module that has a (b f~l 6)3) n-singular vector v G M of 
weight A + tuj, it follows that M has non-zero multiplicity of La (6). In particular, the 
existence of a (g, 6) -module with the required singular vector implies that uj is b f~l 6- 
dominant. 

Proof of Lemma l4.3l Let n~ be the subalgebra generated by the root spaces opposite 
to the root spaces of n. Let bij3±+" -+bk(3k = w be a strongly orthogonal decomposition 
of lj with respect to A(n) (Definition |4TTj) . Let u := (g fll ) bl ...{g fik ) bk G U(n) and 
u ■= (g- pi ) bl ...{g- Pk ) bk . 



k 




(1) 



n,...,[g Q! ,n] C n. 
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Let A be the linear subspace of U(n~) generated by all possible monomials g -71 . . . g~ lk 
that have strictly higher weight than —tui, where — 7, £ A(n~), in other words, 
A := span{<7 -71 . . . g~ lk \ji e A(n),^7; -< cj}. Denote by N the {-module gener- 
ated by the vectors {^4 • v}. To prove the lemma, we will show that the {-module M/N 
has w as a b D {-singular weight vector, where w is the image in M/N of w := u l - v. 

First, we will prove that w is b n {-singular: indeed, n~ is an ideal in the Lie 
subalgebra (3B n~ and so g Q u* <E {u f g a + A) for all a £ A + ({); this, together with 
the fact that v is b n {-singular, proves our claim. Second, we will prove that if w is 
non-zero, then w ^ N and therefore w is non-zero. Indeed, the weight spaces of N are 
a subset of the set 

X := (J (A + <u; + 7 + span z A({)). 

7GConc z (A(n-)) 
7> — tco 

We claim that X does not contain A: indeed, choose I £ h such that 7(7) = for all 
7 G A(t) and 0'(l) > for all /?' £ A(n) (LemmagJ). Therefore -tw{l) £ £ 
X} and our claim is established. 

To finish the proof of the lemma we are left to show that w = u l ■ v is non-zero, and 
this is the first and only place we will use the strongly orthogonal decomposition of 
uj. To do that we will prove by direct computation that the vector • v is a strictly 
positive multiple of v. For any n £ Z>o we compute 

n-i 

3=0 

= Lm, U )+nm,\) - n{n 2 - (Pi,Pi) \ arT -1 -" 

Therefore 

(S*)*(ff-A)*.« 



Define Cj(t, A) to be the above computed coefficient of v, in other words, set Ci(t, X)v := 
{g^ i ) t ~ s {g^^ i ) t ^ s ' v - Since b{ is a positive integer, using the explicit form of d(t,X), 
we see that for a fixed A, Cj(i, A) > for all large enough t. Using that <? ±/3i and g ±l3j 
commute whenever i =/= j, we get immediately that vl'u 1 ■ v = FT i ct(t, X)v, which proves 
our claim that u u f • v is a positive multiple of w. Therefore u l ■ v cannot be zero, which 
completes the proof of the lemma. □ 

Example 4.5 Let us illustrate Lemma [4.31 in the case when g ~ sl(3) and M is an 
irreducible (g, [)-module of finite type. Consider first the case t = fj. If n = {0}, the 
statement of the Lemma is a tautology. If n 7^ {0}, the lemma asserts that a certain 
weight space of M is non-zero. As the ^-characters of all simple sl(3)-modules of finite 



fc=0 



n ( ^, ^ (bi(t-k)t 

+ h X) ) - v. 



(t - k)(t — k — 1) 
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type are known (see for instance, IMatOOl Section 7]), the claim of the lemma is a 
direct corollary of this result . 

The only other possibility for t =^ g is £ ~ sl(2) + fj. Then there are 2 options for 
I: [ = t or [ = t3 n, where dimn = 2. For [ = t the lemma is a tautology as n = {0}. 
Consider the case when 1 = tj n with dimn = 2, i.e. the case when I is a parabolic 
subalgebra with Levi component isomorphic to sl(2). Here, there are two options for 
M; dim M < oo, and dim M = oo. In both cases t acts semisimply on M and the 
lemma asserts the existence of certain b Pi t singular vector in M. More precisely, 
let 71 := E\ — £2,72 := £2 — £3 be the positive simple basis of A(g) with respect to 
b, and let A(t) = {±71}. Then Lemma [4.31 claims that if A is b PI {-dominant and 
integral, then Lx+fo(fl) has a b n {-singular vector of weight A for all large enough t. 
Up to multiplication by a positive integer, there are two different options for picking 
the weight to - either ui — 71 + 73 or to — 72 + 73 . 

• Suppose lj — 71 + 73. Let x(t) and y(t) be functions of t and A, defined by 
A + tto = ^(2 7 i + 72) + ^(71 + 2 72 ). The requirement that A be f) fl f- 
dominant forces t < x{t). Then the lemma states that there exists a constant to, 
such that for all to < t < x(t) we have that L\ +tuJ (g) has a b n t-singular vector 
of weight A. The reader can verify that for both infinite and finite-dimensional 
M, that the constant to can be chosen to be zero. 

• Suppose lo = 72. Then the lemma states that there exists a constant to, such 
that for all t > to we have that Lx+tui(o) has a bfl f-singular vector of weight A. 
As the reader can verify, when dim M = 00, the statement of the Lemma holds 
for to = 0; in the case that M is finite-dimensional, one must pick to > —(A, 72). 

Lemma 4.6 Suppose there exists an [-strictly infinite weight lo. 

(a) Any (g, V)-module M for which any element in g\l acts freely is of infinite type 
over I. 

(b) I — {3 n is a Fernando-Kac subalgebra of infinite type. 

Proof. As any irreducible strict (g, Q-module satisfies the conditions of (a), (a) implies 
(b); we will now show (a). Let v\ be a (b n [)-singular vector. 

Let lo := J2\=i am = Ei=i b A be one decomposition (JTJ. Let u & := (g ai ) ai . . . (g a > ) ai € 
U (g). The vector v\+tu '■= {u a ) l -v\ is non-zero by the conditions of (a). We claim that 
v\+tu is b n [-singular. Indeed, first note that since all ai are 6 PI b-singular, v\+t u is 
bn {-singular. Second, let / £ C n. By the second requirement for being two-sided 
we can commute g 13 with u a to obtain that g^(u a ) n £ U(q)a, where a £ U(n) is an 
element with no constant term and q is the Lie subalgebra generated by g" 1 , . . . ,g afc . 
Since a ■ v\ — 0, we get g 13 ■ v\ +tuj = 0, which proves our claim. 

All V\ +t uj are linearly independent since they have pairwise non-coinciding weights. 
Let M t be the g-submodule of M generated by v\ +tu] and let M' be the sum of the 
M t 's as t runs over the non-negative integers. Corollary 14.41 shows that the 6-module 
L\(t) has non-zero multiplicity in M t for all large enough t. Consider the vectors 
u* • vx+tu generating the {-subquotients isomorphic to L\(£), where u is defined as 
in the proof of Lemma 14.31 Let At be the linear subspace of U(n~) generated by 
all possible monomials g~ 71 . . . g~ lk that have strictly higher weight than — tco, where 
7i € A(n). Let N be the J-submodule generated by the vectors A t ■ v\ +tiLl , where 

t>t 
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to is the number given by Lemma 14.31 Just as in the proof of Lemma 14.31 we see that 
each vector u ■ v\ +t u> is not in TV and is the image of a b (1 t-singular vector in the 
quotient M'/N. 

We will now prove that u* • vx+tui are linearly independent. Indeed, let u be defined 
as in the proof of Lemma 14.31 Now take a linear dependence = X)j=i Ci 1 " ' ' v \+tiu> 
such that ijv > ti, • • • ,ijv > £/v-i and apply it tjv to both sides. As the computations 
in the proof of Lemma 14.31 show, u tN kills all but the last summand; therefore the 
last summand has coefficient cm = 0. Arguing in a similar fashion for the remaining 
summands, we conclude that the starting linear dependence is trivial. This shows that 
the ^-module L\(t) has infinite multiplicity in the ^-module M'. We conclude that M 
has infinite type over t, hence, by [PSZ041 Theorem 3.1], M has also infinite type over 
L □ 



5 Existence of [-infinite weights 
5.1 Existence of two-sided weights 

Lemma 5.1 Let aj., . . . , «fe, afc+1,7 be vectors of a root system such that a\ + ■ - - + 
&k + a k+i + 7 is a root different from 7 or is equal to zero, and on + 7 is neither a 
root nor zero for i = 1, . . . , k. Then otk+i + J is a root or zero. 

Proof. We will establish the lemma only for an irreducible root system; the case of a 
reducible root system is an immediate corollary which we leave to the reader. For G2 
the statement is a straightforward check, so assume in addition that the root system 
is not of type G2 ■ 

Assume the contrary to the statement of the lemma. Let 

Oi\ H V a k + a k+1 + 7 = 6. (2) 

Then (/3,-f) > 0, (a,, 7) > 0. Apply (m,j) to both sides of flS). We get (0:1,7) H r- 

(ccfe,7) + (0:^+1,7) + (7,7) = (S,j). If S = 0, we immediately get that (7, aj) < for 
some i and the statement of the lemma holds as the sum of two roots with negative 
scalar product is always a root. Therefore we can suppose until the end of the proof 
that 5 ^= 0. 

Since («i, 7) > and S 7^ 7, we must have (7, a±) = • • • = (7, ttk) = (7, ctfe+i) = 
and (7, 7) = (<S, 7) . Since S ^ 7 by the conditions of the lemma, the only way for this to 
happen is to have that 7 is a short and S is long, which gives the desired contradiction 
in types A, D and E. Suppose now the given root system is of type C . Then without 
loss of generality we can assume that 5 — 2e± and 7 = e± + £2- But then there must 
be a summand on the left-hand side of J2]| which cancels the +62 term of 7. None 
of the Qij's have a —£2 term (since at + 7 is not a root) and therefore ak+i + 7 is 
a root, contradiction. Suppose next that the given root system is of type B. Then 
without loss of generality 7 can be assumed to be £\ and 6 to be £\ + £2- Clearly 
ct\ + • • • + ctk + ak+i + £\ = £\ + £2 wouldn't be possible if all o^'s and ctk+i were 
long. Therefore one of them is short, which implies that this root plus 7 is a root, 
contradiction. 

Suppose finally that the given root system is of type F±. Pick a minimal relation 
p| that contradicts the statement of the lemma, i.e. one with minimal number of aj's. 
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This number must be at least 3, since otherwise this relation would generate a root 
subsystem of rank 3 or less and this is impossible by the preceding cases. We claim 
that for all ay := a, + ctj is not a root or zero. Indeed, assume the contrary. If 
= is not a root or zero we could replace on+otj by onj in contradiction 

with the minimality of the initial relation. Therefore otij + 7 = oti + ay + 7 is a root or 
zero, and since the three roots aj,ay,7 generate a root subsystem of rank at most 3, 
the preceding cases imply that at least one of on + 7 and ctj +7 is a root, contradiction. 

So far, for all we established that on + ctj is not a root or zero; therefore 
(oii, otj) > for all i, j. Taking (ai, •) on each side of a\ + ■ ■ ■ + + otk+i + 7 = 8 we 
see that 2 < (ai, ai) < (ai, 8). Therefore 5 — ol\ is a root or zero, and transferring a\ 
to the right-hand side we get a shorter relation than the initial one. Contradiction. □ 

Definition 5.2 For a relation {Ip we define the length of the relation to be X)i a »- 
We define a relation to be minimal if its length is minimal, there are no repeating 
summands on either side, and no two 0i 's sum up to a root. 

Remark. Any relation of minimal length can be transformed to a minimal relation 
by combining the repeating summands on both sides and by replacing the /3i's in (fTj) 
that sum up to roots by their sums. If in addition the initial relation of minimal length 
corresponds to a two-sided weight, Lemma 15.11 implies that the resulting minimal 
relation again corresponds to a two-sided weight. 

Proposition 5.3 Let the cone condition fail. Then there exists a minimal relation 
fip corresponding to a two-sided weight uj. 

Proof. The failure of the cone condition is equivalent to the existence of a relation 
|T]). Pick a minimal such relation. Assume that the weight arising in this way is not 
two-sided. Together with the minimality of the relation this implies that for one of 
the cki's, say ot\, there exist roots 0' € A(n) and 8 £ A(g)\A(n) such that 5 = ai + f3' . 

We claim that 6 ^ A([). Indeed, assume on the contrary that 8 £ A(t). Then j3' — S 
is a root, and therefore lies in A(n). We get the relation (ai — l)ai + 02^2 + ■ • • + — 
biPi + ■ ■ ■ + bkfik + {/3' — 8) which is shorter than the initial relation, contradiction. 

Now suppose that 5 is not b PI t-singular. Therefore there exists 71 € A + ({!) such 
that 61 := 8 + 71 is a root. If 81 is not singular, continue picking in a similar fashion 
roots 72, . . . , 7 S £ A + (t), such that St = 8 + 71 + • • • + 74 is a root for any t < s. Since 
this process must be finite, S 3 is bnt-singular for some s. As a% is b fill-singular, ai+71 
is not a root. Apply now Lemma IS~T1 to 81 = ct\ + j3' + 71 to get that f3" := j3' + 71 is a 
root. Therefore j3" £ A(n). Arguing in a similar fashion, we obtain that f3"' := j3" + 72 
is a root of n, and so on. Finally, we obtain /?( s+1 ) := f3' + 71 + ■ • • + 7 S £ A(n) and 
so we get a new relation ([T|): 

(01 - l)ai + 8 S + a 2 a 2 + ■■■ + a ; a ; =0i + ~-+0 k + /3 (s+1) . (3) 

We can reduce |3j) so that no two 0's add to a root (replace any such pairs by their 
sum) and so that if 8 S = on for some i then S s + aiOn is replaced by (a; + l)«j. 

This reduction of ([3]) is a minimal relation. If this relation does not yield a two- 
sided weight, one applies the procedure again and obtains a new minimal relation, and 
so on. As this process adds vectors from A(n) to the right-hand side of the relation, 
while the length of the left-hand side remains constant, the process must be finite (cf. 
Lemma l4.2| . Therefore there exists a minimal relation corresponding to a two-sided 
weight. □ 
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5.2 Prom two-sided to l-infinite weights 

In the remainder of this section we prove that the failure of the cone condition implies 
the existence of an [-infinite weight: our proof is mathematical for the classical Lie 
algebras and G2 and uses a computer program for the exceptional Lie algebras F4 , Eq 
and E 7 . 

For the classical Lie algebras, our scheme of proof can be summarized as follows. 
First, we classify all minimal relations ([T]). It turns out by direct observation that 
whenever the cones intersect, the minimal relations ((T|) are always of length 2, in par- 
ticular this minimal length does not depend on the rank of the root system. In type A 
this was discovered in [PSZ04] . In types A, B and D, a direct inspection of all minimal 
relations shows that each of them possesses a strongly orthogonal decomposition with 
respect to A(n). Since at least one minimal relation must be two-sided by Proposition 
I5.3[ wc obtain the existence of an [-strictly infinite weight. 

In type C we do not have that all minimal relations possess a strongly orthogonal 
decomposition. However, the "discrepancy" is small - there is only one minimal relation 
|T]) without such a decomposition. In this particular case, we exhibit a root subalgebra 
t containing t such that t has an [ n t-strictly infinite weight, i.e. there is an [-infinite 
weight. 

The proof for the exceptional Lie algebras uses a mixture of combinatorics and 
computer brute force. If C{t ss ) n n is not the nilradical of a parabolic subalgebra 
of C(t ss ), we prove in Lemma 15.81 that an [-infinite weight always exists, involving 
only roots of the root system of C(t ss ). Then, using our computer program, we 
enumerate up to jj-automorphisms all remaining cases - i.e. the root subalgebras 
for which C(t ss ) n n is the nilradical of a parabolic subalgebra of C(t SB ) containing 
C(t S s) H f). This direct computation shows the existence of [-strictly infinite weights 
in types Eq and E7. In type JF4, our program fails to exhibit an [-strictly infinite 
weight for only one (unique up to {(-automorphism) choice of [; in this case we give an 
argument similar to that in the special case in type C . 

In order to enumerate all possible subalgebras t we use the classification of reductive 
root subalgebras given in the fundamental paper |Dyn72| . The list of possible proper 
root subalgebras t is very short (it contains respectively 22, 19, 42, and 75 entries 
for F4, E 6 , E 7 and E s , see section [B] in the appendix). For a fixed t, we use all 
automorphisms of A(g) which preserve A(b n t) (see section [C] in the appendix) in 
order to generate only pairwise non-conjugate subalgebras [ and thus further decrease 
the size of the computation. 

The following is an observation that is helpful in the proof of Lemma 15.51 (cf. 
|PSZ041 Lemma 5.4]). 

Lemma 5.4 Let the cone condition fail and let us have a minimal relation {!]). Then 

(a) The relation has the form 

OL\ + OL-2. = 01, 

or 

(b) a.i + ctj is not a root for all 

Proof. Pick a minimal relation (JlJ. Suppose there exist indices i,j such that 7 := 
ai + ctj is a root. We claim that 7 € A(n). Indeed, assume the contrary. First, suppose 
7 € A~(l). Then cti and ctj would both fail to be b n {'-singular. 
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Second, suppose 7 £ A + (£). We prove that a 3 + ■ ■ • + cti — fi\ + ■ ■ ■ + (3^ ~ 7 is a 
shorter relation than ([IJ. Indeed, P\ + • • • + 0k ~ 7 is clearly non-zero (positive linear 
combination of elements of A(n) cannot be in the span of the roots of the semisimple 

part). By the b fl {-singularity of the c^'s, {~y,Pi H + Pk) = (7, «i + ■ ■ • + otk) = 

(7, 7) + (7, «3 + • • • + otk) > and therefore, for some index i, (7, Pi) > 0. This shows 
that Pi — 7 is a root, which therefore belongs to A(n). Contradiction. 

Third, suppose 7 ^ A(fj)\A([). Then 7 is b n {-singular - if 7 + 8 = a\ + a-2 + 5 
were a root for some 6 £ A + ({), then Lemma 15.11 would imply that ol\ + S is also a 
root. Therefore we can shorten the relation (TTJ by replacing a\ + 012 by 7, and the 
obtained relation is non-trivial since the right-hand side is not zero. Contradiction. 

Therefore 7 £ A(n), and our lemma is proved. □ 

5.3 Minimal relations (CD) in the classical Lie algebras 

The following lemma describes all minimal relations (TTJ up to automorphisms of A(g). 

Lemma 5.5 Let g ~ so(2n), so(2n + 1), sp(2n). Suppose I = f3n does not satisfy the 
cone condition. 

• A minimal relation {Ip has length 2 (Definition \5 .2\) . 

• All possibilities for minimal relations {Ip, up to an automorphism of A(g), are 
given in the following table. 



UJ 


Scalar products. All non- 
listed scalar products are 
zero. All roots, unless stated 
otherwise, are assumed long 
in types £?, D and short in 
type C. 


The roots 
from the 
relation 
generate 


g ~ so(2n) 


a\ + a 2 = Pi 


(a u Pi) = (a 2 ,Pi) =1 
(ai,a 2 ) = -1 


a 2 ® 


Oil + &2 = Pi + P2 


(a u Pi) = {ai,P 2 ) = 
(a 2 ,Pi) = (a 2 ,p 2 )=l 


© 

n > 5 


d\ + a 2 = Pi + P2 + P3 


(ai,a 2 ) = (ai,Pi) = 
(oluPz) = {on, P^) = 
(a 2 ,Pi) = (a 2 ,/3 2 > = 
(a2,j9 3 )=l 


D 4 © 


2ai = P1+P2+P3 + Pi 


(ai,Pi) = (ai,p 2 ) = 
( oti, P3) = (oti,p4) = 1 




u\ + a 2 = Pi + P2 


(ai,/3i) = (ai,p 2 ) = 
{a-2, pi) = {a-2,p2) = 1 


A£ ® 



g ~ so(2n + 1) 



2 |Dyn 72, Table 9] uses the notation "D3" for such subalgebras. D3 is defined as a root subsystem 
of type A3 of root system of type B or D, which cannot be extended to a root subsystem of type A4. 
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Scalar products. All non- 
listed scalar products are 
zero. All roots, unless stated 
otherwise, are assumed long 
in types B, D and short in 
type C. 


The roots 
from the 
relation 
generate 


all relations 
listed lor so(2n) 






Oil + a 2 = Pi 


(ai,/3i) = (a 2 ,Pi) = 1, 

II II II II i 

= \\a 2 \\ = 1 


B 2 © 


cti + a 2 = Pi 


(«i,a 2 ) = -1, (a 2 ,Pi) = 1, 

II II II O II 1 

IKI! = lift II = 1 


B 2 PI 


2ai - /?i + /3 2 


||ai|| = = (a u p 2 ) = 1 


B 2 CP 


«i + «2 = 2/3i 


11/3x11 = l,(ai,Pi) = (a 2 ,/3i) = 1 


B 2 (O 


a\ + a 2 = Pi + P 2 


(&i,Pi) = (a 2 ,Pi) = (a 2 ,P 2 ) = 1, 

|K|| = ||ftll=l 


B 3 (USD 


cti + a 2 = 2Pi + p 2 


(ai,a 2 ) = (ax, ft) = (a 2 ,/?i) = 1, 
<Qfi,jS2> = <aa,/?2> = ||/3x|| = 1, 




2a x = 2Pi +p 2 + P 3 


(ax,ft) = (ai,p 2 ) = (a!,p 3 ) = 1, 
Ilftll = l 


s 3 (hsd 


q ~ sp(2n) 


cti + a 2 = Pi 


(ax, ft) = (a 2 ,ft) = 1 
(ai,a 2 ) = -1 


a 2 csD 


ai + a 2 = Pi 


<ai,j8i) = (a 2 ,ft) = 2, 
l|ft||=2 


c 2 CUD 


Q'i + a 2 — 2(3% 


(ai 1 p 1 ) = (a 2: pi) =1 
Haxll = ||or a || =2 


c 2 CHD 


cti + a 2 = Pi 


(ax, ft) = 2, (a 2 ,ai) = -1 
llttill =2 


c 2 CiD 


Q'I + Q'2 = Pi + Pi 


(ax, ft) = (a!,p 2 ) = 
(a 2 ,Pi) = (a 2 ,p 2 )=l 


a 3 (USD 


cti + a 2 = pi + p 2 


(a 2 ,pi) = (a 2 ,p 2 ) =2, 
(oti, pi) = (ax, ft) = 
{ ai ,p 2 )=l, (p u p 2 ) = l, 
\\a 2 \\=2 


c 3 {2D 


Q'i + a 2 = Pi + p 2 


(ai,p 2 ) = ( ai ,p 2 }=2, 
(ai,a 2 ) = (ax, ft) = 
(a 2 ,Pi)=l, \\P 2 \\=2 


c 3 HUD 



Proof. Pick a minimal relation CQ) of the form u := axax + ■ • • + aiai = &xft + 
• • • + bkPk (see Definition I5.2[) . 

Throughout this proof, we will use the informal expression "±£j appears with a 
positive (resp. non-positive) coefficient in the weight w" to describe the ie^-coordinate 
of cu in the basis {ex, . . . , £j-x, ±£;, £i+i, ...,£„}. 
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5.3.1 g ~ so(2n) 



Case 1. There exists an index i, such that ai — ±£j t + (±£j 2 ), j\ ^ j% an d both ±£j 1 
and ±£j 2 appear with a positive coefficient in u). Without loss of generality we may 
assume i = 1 and a\ = E\ + £2. Therefore there exist fa and fa on the right-hand 
side of the relation with fa = e\ + (±£j 3 ) and fa = £2 + (±£j 4 )- The minimality of 
the relation implies {1, 2} n {j'3,,7'4} = 0- The latter allows us to assume without loss 
of generality that fa = 6\ + £3. 



We will now prove j'4 7^ 3. 

Assume on the contrary that 3 — ji- As the relation is minimal, the choice of 
± sign must be such that £3 = ±£j 4 . The minimality of the relation implies that 
there can be no cancellation of the weight £3 on the right-hand side. Therefore on the 
left-hand side there exists a root, say 02, such that «2 = £3 + (±£j 5 ), 35 3- The 
minimality of the relation implies that in addition j'5 7^ 1,2. Thus we can assume 
without loss of generality that j'5 = 5 and 02 = £3 + £5. So far, the assumption that 
j'4 = 3 implies that the relation has the form 



(23) 



where 7 and S denote the omitted summands. Suppose at least one of the roots £\ +£5 
and £2 + £5 belongs to A(n). Without loss of generality we may assume £1 +£5 € A(n). 
Then the relation ol\ + (*2 = fa +£1 +£5 is shorter than (|23|) . Contradiction. Suppose 
at least one of the roots E\ + £5 and £2 + £5 belongs to A(t). Without loss of generality 
we may assume £1 + £ 5 6 A(6). Then £3 — £5 = fa — (£1 + £5) € A(n) and the 
relation 7 = £3 — £5 + S is shorter than (|23[) . The latter relation is non-trivial since 
the right-hand side is a positive linear combination of roots of A(n). Contradiction. 

So far we proved that £1 + £5, £2 + £5 do not belong to A([). If Si + £5 were a 
b l~l t-singular weight, we could replace a\ + C12 by £1 + £5 and remove £2 + £3 on the 
right-hand side of (|2"3"|) , shortening the initial relation. Similarly, we reason that £2 + £5 
is not a b n t-singular weight. In order for e\ + £5 not to be b D t-singular, there must 
exist an index k and a choice of sign for which one of ±£fc — e± and ±£fc — £5 is a 
positive root of t. Similarly, there exists an index / and a choice of sign for which one 
of ±£; — £2 and ±£/ — £5 is a positive root of t. As ot\ and 02 are b n t-singular, a short 
consideration shows that the only possibility is ±£^, = —£2 and ±ej = £3. Therefore 
fa '■= fa — (£3 — £5) <= A(n). Finally, we obtain the relation a\ + a 2 = fa + fa which 
is shorter than (f2"3"| . Contradiction. 

So far, we have proved that 3 =/= j±. Therefore we can assume without loss of 
generality that fa = £2 + £4. We have now established that the relation has the form 

■ = £1 +£3 + £2 + £4+ 

^ 1 ^3 2 zero allowed 

Case 1.1. £3 and £4 both appear with positive coefficients in uj. We claim that 012 '■— 
£3 + £4 € A(g)\A([). Indeed, first, a.\ = (fa~a 2 ) + fa implies that a 2 ^ A(t). Second, 
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if a 2 € A(n), we could remove ol\ on the left-hand side of the relation and substitute 
fa + fa by a 2 to get a relation shorter than the initial one. 
We will now prove that a 2 is b fl {-singular. 

Assume on the contrary that there exists 8 G A + ({) such that a 2 + 8 is a root. 
Then 8 is either of the form ±ek — £3 or ±Ek — £4; without loss of generality we 
may assume that 8 — ±£fc — £3 . The requirement that £3 and £4 appear with positive 
coefficients in u> implies that there exist 013, 0:4 G Sing t , n( ,(g/[) such that as = ±£, 5 +£3, 
0:4 = ±£j 6 + £4, {j'5, je} H {3,4} = 0, 1 7^ j5, and 2 7^ jg. Furthermore, the preceding 
assumptions imply that there are at least three distinct roots on the left-hand side of 
the relation. Since 03 is b n {-singular, we have j'5 = k and 8 — ±£fc — £3 = ±£j 5 — £3- 
Then £1 + (±£j- 5 ) = /?i + 5 € A(n) and therefore k = j'5 7^ 2. We can now assume 
without loss of generality that j$ = 5 and the choice of ± signs is such that a 3 = £5 + £3 
and 5 = £5 — £3 G A + ({). So far, the assumption that a 2 is not b n {-singular implies 
that the relation has the form 

£1 +£2 + £3 + £5 + £4 + (±£j 6 )+ ^> = £1 + £3 +£2 + £4 + y 

ai Q3 Q4 zero allowed ^ ± p 2 zero allowed 

We have that £s + £4 = a 2 + S G A(fl)\A([). We claim that £5 + £4 is not bn{-singular: 
indeed, otherwise the relation a% + £5 + £4 = £\ + £5 would be shorter than the 

6A(n) 

initial one. Therefore there is a root 8' E A + ({) such that 8' + £5 + £4 is a root. The 
b n {-singularity of 04 together with S = £5 — £3 G A + ({) imply that 8' — ±£ J6 — £4. 
Therefore £2 + (±£j 6 ) G A(n) and if the weight £5 + (±£j 6 ) is a root, it belongs to 
A(jj)\A([). We can write 

a x + £5 + (±£ J6 ) = £1 + £5 + £2 + (±£ J6 )- (24) 

We will arrive at a contradiction for all possible choices of j%. Indeed, if 5 7^ j$, then 
£5 + (±£ J6 ) is a root. The fact that 012, «3 G Sing bn{ (g/[) together with 8,8' G A + ({) 
imply that £5 + (±e,- a ) is b n {-singular. Thus ([24]) is a relation of type ^ which is 
shorter than the initial one. Contradiction. If j 6 = 5 and the choice of the sign ± is 
such that CI4 = £4 — £5, we get a contradiction as —£4 + £5 — 8' G A({). Finally, if 
£5 = ±£j 6 , then 8" := —8 + 8' = £3 — £4 G A({). Then depending on whether 8" is 
positive or negative we get a contradiction with the b PI {-singularity of either on or 
a 3 . 

We have now a 2 G Sing t , nt (g/[). Therefore the initial relation is ai+a 2 = Pi + /3 2 , 
of type ©. 

Case 1.2. One of £3, £4 appears with positive coefficient in uj and the other with 
non-positive. Without loss of generality we may assume that £4 appears with positive 
coefficient in uj and £3 with non-positive. Then there exists a root on the right-hand 
side, say fa, of the form ±£j, — £3. The minimality of the relation implies fa = E\ — £3. 
So far the relation is 

£1 + £2 + • • 



Now consider a 2 :— £1 + £4. We claim, as in Case 1.1, that a 2 G A(g)\A([). Indeed, 
first, if we had that a 2 G A(n), we could substitute fa+fa+fa by a 2 on the right-hand 
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side and remove a.\ on the left-hand side to obtain a shorter relation than the initial 
one. Second, a\ = ((/3i — a 2 ) + P2) + P3 implies 02 ^ A({). 

Now, as in Case 1.1, we will show that a 2 is b n {-singular. Indeed, assume the 
contrary. The fact that £4 appears with positive coefficient in to implies that on the 
left-hand side there is a b n {-singular weight, say 0:3, of the form 013 = ±£ j5 + £4, 
where j'5 ^ 2. 

We claim next that J5 ^ 1. 

Indeed, first, if ±£ J5 = — £1, the relation 0.1+0.3 = is shorter than the initial one. 
Contradiction. Second, ±£^5 = £1 contradicts the b n {-singularity of o%. Therefore 
j'5 7^ 1,2 and we can assume without loss of generality that j'5 = 5 and 0:3 = £5 + £4. 
The assumption that a 2 = £1 + £4 is not b PI {-singular implies that there exists some 
index I for which at least one of 7 :— ±£/ — £4 and S := ±ej — £1 belongs to A + ({). 
The choice 5 G A + ({) contradicts the b H {-singularity of «i unless S = £2 — £i- The 
latter yields a contradiction as well, as it implies a\ £ A(n). The choice 7 € A + ({) 
together with the b n {-singularity of 03 implies 7 = £5 — £4. Then ^4 = (3 2 + 7 € A(n) 
and the relation ai + 013 = /3i + ^3 + ($4 is of type ([IJ and is shorter than the initial 
one. Contradiction. 

So far we have proved that a 2 € Sing ( , nt (g/[). Therefore a\ + a 2 = Pi + ^3 + /3 2 is 
the desired relation ([6]). 

Case 1.3. £3 and £4 both appear with non-positive coefficients in uj. As £3 and £4 are 
canceled on the right-hand side without contradicting the minimality of the relation, 
we need to have /J3 := £1 — £3 € A(n), (3 4 :— e 2 — £4 S A(n). Thus we have the desired 
relation (J7J. 

Case 2. There is no index i such that 04 = ±Sj 1 + (±£j 2 ) and both isj t and ±£j 2 
appear with positive coefficients in u. As uj is non-trivial, it has at least one non-zero 
coordinate. Without loss of generality we may assume this to coordinate to be positive, 
corresponding to E\. In addition, without loss of generality, assume that u\ = E\ +e 2 . 
By our current assumption, £2 appears in uj with non-positive coefficient. Then some 
a>i, say a 2 , is of the form a 2 = —e 2 + (±£j 3 ). 

Case 2.1. j'3 / 1. Without loss of generality we can assume that j'3 = 3 and a 2 — 
—e 2 +£3. Then j3± :— a\ +a 2 is a root and by Lemma l5.4l we have the desired relation 



Case 2.2. = j\ and a 2 — —e 2 + s\. On the right-hand side, there is a root, say /3i, 
of the form j3i = e\ + (±£ J4 ). A short consideration shows that J4 7^ 1,2, and so we 
assume without loss of generality that /?i := £1 + £4. The relation so far has the form 



We will now prove that £4 appears with positive coefficient in uj. Indeed, assume 
the contrary. Therefore there exists a root on the left-hand side, say 0:3, of the form 
0:3 = £4 + (±£j 5 ). By Lemma \5. 41 we get that % ^ 1,2, and therefore we can assume 
without loss of generality that j'5 = 5 and 013 = £4 + £5. By the requirement of 
Case 2, £5 appears with a non-positive coefficient in uj, and therefore there exists 
a4 = —£5 + (±£j 6 ). By Lemma |5.4[ 04 + 03 is not a root and therefore 04 = £4 — £5. 
Therefore we cannot have a shorter relation than 



6D- 



£1+ e 2 + (-£ 2 + £1) + 



= £1 + £4 + 




allowed to be zero 





£j! +£2 + {-£2 + £\) + £3 + £4 + {-£4 + £3) = 2(£i + £3). 




(25) 
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We claim that the above expression cannot correspond to a minimal relation. Consider 
5 := e-y + £4. First, the possibility 6 € A(t) implies fa G A(g)\A([). Contradiction. 
Second, the possibility 5 £ A(g)\A([) together with the b n {-singularity of at, ot2, as 
and a4 imply S £ Sing bn{ (g/[). In turn this is contradictory since 5 + = fa is shorter 
than (|25|) . We conclude 6 £ A(n). Since in (|25|) . the indices (1,4) are symmetric to 
(2, 3), we conclude that 5' := e 2 + £3 € A(n). Finally, ai + 0:3 = 5 + 5' is a shorter 
relation than (|2"5|) . Contradiction. 

So far, we have proved that £4 appears with a non-positive coefficient in oj. There- 
fore, on the right-hand side there is a root, say fa, of the form fa = —£4 + (±Sj B ). The 
minimality of the relation implies fa = £\ — £4- Therefore we have the desired relation 
oti + a-2 = fa + fa of type (HI). 

5.3.2 g~so(2n+l) 

Case 1. The relation has a short root on the left-hand side, say ot\. Without loss of 
generality we may assume a\ = £\. The b f~l {-singularity of o.\ implies that t has no 
short roots. 

Case 1.1. £\ appears with a positive coefficient in ui and therefore there is a root on 
the right-hand side, say fa, of the form fa = e\ + (±£ J2 ). Without loss of generality 
we may assume fa = £\ + £2. 

Case 1.1.1. £2 appears with a non-positive coefficient in w. As £2 must be canceled out 
without contradicting the minimality of the relation, one of the roots on the right-hand 
side, say fa, is of the form fa = £\ — £2- It is now clear that we cannot have a relation 
shorter than (fTTj) . 

Case 1.1.2. £2 appears with a positive coefficient in ui. The weight £2 is not a root of 
t. Therefore on the left-hand side of the relation there exists a root, say ct2, in which 
£2 appears with a positive coefficient. 
Case 1.1.2.1. ot2 is short, i.e. ot2 = £2- The relation is |9]). 

Case 1.1.2.2. a.2 = £2 + (±£j 3 ) is long. We claim that j'3 7^ 1. Indeed otherwise 
we would have ct2 = £2 — £1, then ol\ + ct2 would be a root, and by Lemma 15.41 the 
relation would be a.\ + 012 — fa- This is impossible. Therefore j'3 7^ 1, and without 
loss of generality we can assume ct2 = £2+^3- Consider fa := £3; we claim that 
fa £ A(n). Indeed, we immediately see that fa ^ A(t), as otherwise a± would not be 
b n {-singular. Second, assume fa £ A(g)\A(n). If fa were b n t-singular, we could 
shorten the relation by removing fa and replacing a\ + ot2 by fa. Therefore there 
exists a root 7 £ A + ({!) such that fa + 7 is a root. The b n {-singularity of a\ and ct2 
implies that 7 = £2 — £3- Therefore e 2 £ A(g)\A([). 

Now consider the relation £\ + £2 — fa- If £2 were not b fl {-singular, there would 
be a positive root 7 £ I such that £2 + 7 is a root but £2 + £3 + 7 is not a root, which 
is impossible. Thus we have a minimal relation of length two of the form £1+62 = fa- 
Hence the initial relation £i + (£2+£3)+- ■ ■ = fa + - ■ ■ is also of length two. Therefore the 
unknowns on the right-hand side sum up to £3, which together with Lemma [5 . 1 1 implies 
that £3 £ A(n). Contradiction. Therefore the relation is £1 + (£2 + £3) = (£1 + £2) + £3 
of type (fT3f. 

Case 1.2. £\ appears with a non-positive coefficient in u>. Therefore there is a root, 
say a.2, of the form q?2 = — £1 + £2- Now Lemma 15.41 implies a\ + «2 £ A(n) and we 
get the desired relation (fTQ|) . 

Case 2. Among all minimal relations there is no relation with short roots on the 
left-hand side. 
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Case 2.1. On the right-hand side there is a short root, say j5\. Without loss of 
generality we may assume fi\ = e±. As the relation is minimal, £\ appears with a 
positive coefficient in ui. Therefore we can assume without loss of generality that ol\ 
is of the form a\ — e\ + e 2 . 

Case 2.1.1. £2 appears with a non-positive coefficient in uj. Then there is a root on the 
left-hand side, say ct2, of the form a 2 = —e 2 + (±£j 3 )- If a 2 7^ £2 + £1, we can apply 
Lemma l5.4l to get a shorter relation than the initial one. Therefore a 2 = — £2 + £1 and 
the relation is a\ + a 2 = 2/3i, of type (fT2|) . 

Case 2.1.2. £2 appears with a positive coefficient in u). Since £2 cannot be a root of 
n (that would imply a\ £ A(n)), we have a root, say p 2 £ A(n), of the form $2 = 
£2 + (±£j 3 ) ■ Since j'3 ^ 1 we can assume without loss of generality that (3 2 = £2 + £3 ■ 
Case 2.1.2.1. £3 appears with a positive coefficient in us. Therefore there is a root, say 
oi2, of the from a 2 = £3 + (±£ J4 ). We claim that j'4 = 1. Assume the contrary. Since 
ji =/= 2, we can assume further without loss of generality that a 2 = £3 + £4. A short 
consideration of all possibilities shows that a\ + (£3 + £4) + • • ■ = £1 + (£2 + £3) + • • • 
must be of length at least 3. Consider the root £3. If it were in A(n) we could shorten 
the relation by removing a\ and replacing j3\ + (3 2 by £3. If £3 were in A(6), we would 
get o.\ £ A(n), which is impossible. Therefore £3 <E A($j)\A(t). In a similar fashion, 
we conclude that £1 + £3 £ A(g)\A([). If at one of the two roots £3 or e\ + £3 were 
fa H f-singular, we would get a minimal relation of length 2 - either a\ + £3 = (3\ + (3 2 
or cti + £\ + £3 = 2/3i + /3 2 . Contradiction. Therefore both £3 and 6\ + £3 are not 
fa n t-singular. This shows that there exists 7 £ A + (£) such that 7 + £1 + £3 is a root. 
Since £2 — £1 is not a root of A(t) and a 2 is fa n l-singular, we obtain that 7 = £4 — £3. 
Consider a := £1 + £4 = 7 + £1 + £3. One checks that the fa D {-singularity of a\ and a 2 
implies that a is also fan t-singular. Therefore we can shorten the relation by replacing 
a i + a 2 by a and removing j3 2 on the right-hand side. Contradiction. 

So far we have established that J4 = 1. We have immediately a relation of length 
two, either a.\ + £3 + £1 = 2ei + (£2 + £3) or a% + £3 — £1 = £2 + £3, and so the initial 
relation is also of length two. As there can be no two roots on either side that sum up 
to a root (see Lemma l5.4j) . one quickly checks that the only possibility for the minimal 
relation (up to A(g)-automorphism) is (ei + e 2 ) + (si + £3) = 2ei + (£2 + £3), i.e. type 

Case 2.1.2.2. £3 appears with a non-positive coefficient in uj. Therefore on the right- 
hand side there is a root, say (3%, of the form ^3 = £2 — £3- We have a relation of 
length two: 2(s\ + e 2 ) — 2e\ + (e 2 + £3) + (£2 — £3) of type (fT5| . In view of the already 
fixed data, one quickly checks that the only possibility for the initial relation to be of 
length two is to coincide with this relation. 

Case 2.2. There is no short root on cither side of the minimal relation. Therefore we 
can repeat verbatim the proof for the case g ~ so(2n) to obtain that we have one of 
the relations described for this case. 

5.3.3 fl ~ sp(2n) 

Case 1. ai + a.j ^ A(g) for all 

Case 1.1 One of the roots a,, say cti, is short. Without loss of generality we may 
assume a\ = E\ + e 2 . Since a\ + aj ^ A(fj) for all j, both £\ and £2 appear with a 
positive coefficient in uj. Therefore on the right side of the relation there are roots, say 
j3\ and (3 2 , of the from j3i = £\ + (±£ J3 ) and (3 2 = e 2 + (±£ J4 ). Consider the vector 
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7 := ±£j 3 + (^ji)- The minimality of the relation implies that 7 is non-zero, and 
therefore that 7 is a root. If 7 € A(n) we could shorten the relation by removing ai on 
the left-hand side and replacing P1+P2 by 7. If 7 G A(£) then a\ = (0i — 7)+/?2 G A(n), 
which is impossible. Therefore 7 G A(rj)\A([). 

As the relation is minimal, ±£j 3 and ±£j 4 appear with a positive coefficient in w. 
Therefore ±£ J3 (respectively, ±e j4 ) appears also in some root, say a.3 (respectively, 
an) on the left-hand side. If there existed a root 5 G A + (l) for which 7 + 5 is a 
root, 5 would have a negative coefficient in front of one of ±e j3 or ±e j4 . This would 
contradict the b fl {-singularity of either 03 or 0:4. Therefore we have a minimal relation 
a± + 7 = /?i + /3 2 . Depending on whether j'3 = j'4 and whether j'4 = 2 our relation is 
of type (2Q]), (21]) or (22]). 

Case 1.2 All roots ojj are long. Without loss of generality we may assume a\ = 2e\. 
Since a\ + ctj ^ A(g) for all j , the weight £1 appears with a positive coefficient in oj. 
Therefore there is a root on the right-hand side, say j3\, of the form /3i = e\ + (±£ J2 ). 
Without loss of generality we may assume /3± =61+62- If 62 appeared with a non- 
positive coefficient in u>, there would be a cancellation in the right-hand side of the 
relation. This is impossible. Thus 62 appears on the left-hand side and we have the 
desired relation l|18[) . 

Case 2. For some a,-, a.j, we have that a* + a.j = 7 is a root. By Lemma [5T^1 7 G A(n) 
and we get one of the relations ([15]). (TIT]) . (fT5]) , or (fTl]). □ 

Corollary 5.6 Let q be classical simple and suppose that I does not satisfy the cone 
condition. Then the following statements hold. 

• If Q ~ sl(n),so(n), or so(2n), there exists an [-strictly infinite weight to. 

• If g ~ sp(2n) there exists an {-infinite weight u. 

Proof. The statement for sl(?i) follows from PSZ04, Lemma 5.4], so let g ~ so(2n), 
so(2n + I) or sp(2rt). By Proposition 15. 3i we can always pick a minimal relation 
corresponding to a two-sided weight. By direct observation of all possibilities for 
minimal relations given in Lemma 15.51 we see that all such relations have a strongly 
orthogonal decomposition with respect to A(n) except when g ~ sp(2n) and the two- 
sided weight is given by ([2"T]) . 

Suppose now g ~ sp(2n) and relation ([2T]) holds. According to the proof of Lemma 
15.51 we can assume the relation has the form 



Consider the root 2ei. If 2ei belonged to A(t), we would have the contradictory 
a 2 = Pi~ (2ei) + Pi G A(n). Similarly, we get 2e 2 £ A(«). If both 2e 2 , 2e x G A(n), we 
get the new relation 2ai = 2ei + 2e 2 which corresponds to a two-sided weight (since 
the relation corresponds to a two-sided weight) and this new relation gives an [-strictly 
infinite weight. If one of 2^2, 2ei, say 2ei, belongs to A(g/[), it is also b n {-singular 
(otherwise ai would fail to be b n {-singular as well). Therefore we have a new relation 



We claim that u>' is [-infinite. Indeed, let t be the subalgebra generated by {, g ^ , 
g ±2ei and g ±2e3 . Let n' := nfl t. Since t contains the Cartan subalgebra f), n' is a 



61+62+ 2e 3 =61+63 + 62 + 63 ■ 




UJ' 



261 + 263 = 2/3! . 



(26) 
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direct sum of root spaces and is therefore generated as a ^-module by q^ 1 . Let Si 
be the simple component of t whose roots are linked to 2ei; in case there is no such 
simple component, set Si := {0}. Define similarly S3 using 2e^- Then Si flS3 = {0} as 
otherwise A(n) would contain — fa. In addition, each s, must be of type A, (otherwise 
it would have a root 2ei). It follows that to' is two-sided with respect to t, and therefore 
u)' is [-infinite. □ 

Lemma 5.7 Let q be a simple Lie algebra of rank 2 and I be a solvable root subalgebra 
(i.e. { = f) ) which does not satisfy the cone condition. Then there exists an [-strictly 
infinite weight. 

Proof. We leave the proof of cases A2, B2 and C2 to the reader. We note that in 
case of type B2 all relations (j51)- (fT2")) appear; similarly, in case of type C2, all relations 
(LTSD-dini) appear. 

Let now g ~ G2, and fix the scalar product in A(g) so that the length of the long 
root is y6- The following table exhibits one [-strictly infinite weight in each possible 
case for A(n). 



UJ 


Scalar products. All non-listed 
scalar products are zero. 


The roots 
from the 
relation 
generate 


ai + a 2 = 3 fa 


(ai,a 2 ) = (ai,fa) = 
(a 2 ,fa) = 3, (a 2 ,a 2 ) = 
<ai,ai> =6, {fa, fa) = 2 


G 2 


01 + o 2 = fa 


(ai,a 2 ) = 1, (ai,fa) = 
(tt2,fa) = 3, (02,02) = 
(01,01) =2, {fa, fa) = 6 


G 2 


2oi = 3 fa + fa 


{on, fa) = {ai,fa) = 3, 
{fa, fa) = 2, (01,01) = 
{fc,fa) = 6 


G 2 


OL\ + OL2 = fa 


{ax, fa) = {a 2 ,fa) = 3, 
(01,02) = -3, (ai,ai) = 
(o 2 ,o 2 ) = {fa, fa) = 6 


A 2 


Oil + 012 — fa 


(oi,/3i) = {a 2 ,fa) = 1, 
(oi,o 2 ) = -3, (02,02) = 
{fa, fa) = 2, (01,01) =6 


G 2 


Oil + 012 — fa 


{ax, fa) = 3 {a 2 ,fa) = -1, 
(01,02) = -3, (ai,ai) = 
{a 2 ,a 2 ) = {fa,fa) = 2 


G 2 



□ 



The statement of the following lemma is general, but we will make use of it only 
for the exceptional Lie algebras. 

Lemma 5.8 Suppose nnC(t ss ) is not the nilradical of a parabolic subalgebra in C(t ss ) 
containing f) n C (t ss ) ■ Then the following hold. 

(a) The cone condition fails. 
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(b) There exists a relation (QP of the form given by Lemma \5.J^( a) for which a.\,ot2 
and Pi all lie in A(C({ SS )). 

(c) There is a relation (Qp that is [-infinite. 

Proof, (a) Suppose on the contrary the cone condition holds. Then there exists h G t) 
such that h{[3) > for all /3 G A(n) and h(a) < for all a £ Sing bnt (fl/t) D A{C(t ss ). 
The element h defines a parabolic subalgebra (t) n C(t ss )) + 7 gA(c(f„)) 7 01 C(t ss ) 

y(h)>0 

whose nilradical is nfl C(t ss ), contradiction. 

(b) Using similar arguments to (a), we see that the cone condition fails when 
restricted to A(C(t ss )), i.e. the cones Conez(A(C(l ss ))n Sing bn{ (g/[)) and Conez 
(A(n)n A(C(t ss ))) have non-zero intersection. 

Take now a relation ©. Note that A(C(t„)) nSing bnt (g/l) = A(C(I 5S )) \A(n). 
Therefore when we add — fa to both sides of ([T]) we still get a relation of the type ([1} 
or zero; thus we can obtain a relation (JT|) with only one term f3i on the right-hand 
side. If we have more than two terms on the left-hand side, by Lemma 1 5. II we get that 
the sum of two oVs must be a root. If that root is in A(n), we have found a relation 
of type given by Lemma I5.4f a); else we can substitute the two roots with their sum 
and thus reduce the number of terms on the left-hand side. In this fashion, we can 
reduce the number of summands on the left-hand side to two, which gives the desired 
relation. 

(c) Let a-y, 0*2, /?i be the roots obtained in (b) and let t be the subalgebra generated 
by 6, ±ai , Q ±a2 and Q ^. Lemma I5~T1 implies that there exists an [fit-strictly infinite 
weight in t, which is the desired I-infinite weight. □ 

5.4 Exceptional Lie algebras G 2 , F4, E e and E 7 

5.4.1 Exceptional Lie algebra G2 

If t ss — {0} the existence of an l-infinite weight is guaranteed by Lemma 15.81 If 
tss 7^ {0} it is a straightforward check that, up to a g-automorphism, the only root 
subalgebra I = t3n for which the cone condition fails is given by A(6) = {±71}, 
A( n ) = {71 + 372, 271 + 372}, where 71, 72 are positive simple roots of G2 such that 71 
is long. For this subalgebra, (71 + 272) + (71 + 72) = 271 + 372 is the desired [-(strictly) 
infinite weight. 

Note that G2 is the only simple Lie algebra of rank 2 which admits a non-solvable 
and non-reductive root Fernando-Kac subalgebra of infinite type (cf. |PS021 Example 
2])- 

5.4.2 Exceptional Lie algebras F 4 , E e , E 7 

For a fixed exceptional Lie algebra g, Lemma allows us to assume that nflC(t M ) is 
the nilradical of a parabolic subalgebra of C(l ss ) containing C(t ss ) fl I). The following 
two lemmas can be proved using a computer; the algorithm we used is described in 
the next section. 

Lemma 5.9 Let q ~ E§ or E 7 with a root subalgebra [ = id) n for which the cone 
condition fails. Suppose in addition that nfl C(6 SS ) is the nilradical of some parabolic 
subalgebra in C(t 8S ) containing f) fl C(t ss ). Then there exists an {-strictly infinite 
relation (QP of one of the types listed for so(2n) in Lemma \5.5\ or of the type 
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The 




Scalar products. 


roots 




All non-listed scalar products 


from the 




are zero. 


relation 






generate 


— Eg, Ei 




(ail, #2) = (oil, fa) = 




ol\ + a 2 + a 3 = 0i+ 0i + 3 


(a 2 ,0i) = (a 2 ,fa) = 


A 5 . 




(a 3 ,fa) = {a 3 ,fa) = 1 





When g ~ E§, the above relation occurs only when A(t) ~ A\ + A\ + A\ . 



For the next lemma, we need to define a special root subalgebra of q ~ F4. Fix the 
scalar product of the root system of F4 so that the long roots have length 2. Let 6 be 
defined by the requirement that A(t ss ) be of type A\ + A\ where both A\ roots are 
long (all such t are conjugate, |Dyn72| ). Then C(t ss ) ss is of type C2 — B 2 . Let 71 and 
72 be the positive long roots of t and fa and fa be the positive long roots of C(t ss )- 
Let /So be the unique short root of A(C(t ss )) which has positive scalar products with 
both fa and fa. The roots fa, 02, 71 and 72 are linearly independent. Let ^3 be given 
by the requirement (0 U 3 ) = 0, (02,0a) = 2, (71, 3 ) = 0, (72,^3) = 2 and let 4 be 
given by the requirement (0i,0i) = 0, (02, 0i) = 2, (ji,fa) = 2, (72, At) = 0. Then 
g^ 3 and g' 3 ' 1 generate two J-submodules of 0, say n' and n", each of dimension 2. Define 
n as the linear span of n',n", , q^ 1 and q^ 2 . Then n is a nilpotent subalgebra of 
Q, and is a t-module. Further, dimn = 2 + 2+ (1 + 1 + 1) = 7 and C(t S8 ) n n is the 
nilradical of a parabolic subalgebra of C(t ss ). Set [1 := ^^ n. 

Lemma 5.10 Let q ~ i 7 ^. Suppose in addition that nnC(fi ss ) is t/ie nilradical of some 
parabolic subalgebra of C(t ss ) containing fj fl C({ ss ). 

faj // I is noi conjugate to l±, there exists an [-strictly infinite relation (QJ) /rom 
f/ie /is£ 0/ Lemma \5.5\ Moreover, all relations from Lemma 15.51 except 121)) do 
appear. 

(b) If I is conjugate to l±, there exists an I- (non- strictly) infinite relation fl]). This 
relation comes from an [' := in t- strictly infinite relation in t, where t is one of 
the two semisimple subalgebras of type C 3 + A\ generated by 6, C(t ss ) and the 
conjugate of either n' U n' or n" U n" . The I' -strictly infinite relation in t can 
be chosen to be isomorphic to relation 116)) . 

Combining Lemma [5751 with Lemmas 15. 101 and 15.91 we get the following. 

Corollary 5.11 The failure of the cone condition for a root subalgebra I of the excep- 
tional Lie algebras of type F^E^Ei implies the existence of an l-inftnite weight. 

5.4.3 Computer computations for the exceptional Lie algebras 

This section sketches the algorithm we used to carry out the computer based proofs 
in section [5.4.21 

The algorithm has as input the Cartan matrix of a semisimple Lie algebra q. For 
a given value of I, let S be the set of weights of Sing 6nt (fj/I) for which [g a , n] C n (see 
Definition 14. ip . The output is the following. 



23 



(i) A list of all possible (up to an automorphism of A(g)) sets of roots of subalgebras 
[ = {3 n, for which C(t ss ) Dn is the nilradical of a parabolic subalgebra of C(t ss ) 
containing f) n C(t ss ). 

(ii) A sublist of the list in (i) for which the corresponding subalgebras do not satisfy 
the cone condition but there exists no [-strictly infinite weight of length less than 
or equal to ma,x{#S, rkg}. 

Remark. This sublist turns out to be empty for g ~ Eq,Ei and contains one 
entry for g ~ F 4 . This entry corresponds to subalgebras conjugate to ti, where 
fi is the subalgebra defined in section 15.4.21 

(iii) A list complementary within (i) to the sublist (ii). 

Remark. The actual list of [-strictly infinite weights we produced is more de- 
tailed; it includes information about the simple direct summands of t whose roots 
are linked to the roots participating in the relation. 

The algorithm follows. The actual tables printed out for g ~ F4, E$ and £7 are 
included in the appendix. 

• Enumerate (up to a g- automorphism) all reductive root subalgebras I containing 
f), according to the classification in |Dyn72| . 

• Fix {. Compute the J-module decomposition of g. Then n is given by a set of 
J-submodules of g. 

• Compute A(C(t ss )) fLemma 12. f p . Compute the group W of all root system 
automorphisms of A(g) which preserve A(b n t). Note that W = W" x W" is 
the semidirect product of the Weyl group W" of C(t ss ) with the group W" of 
graph automorphisms of (A(t ss ) ® A(C(t ss )) H A(b) which preserve A({ 88 ) and 
A(C(t ss )) and extend to automorphisms of A(g). The tables in Appendix [Cl list 
the cardinalities of the groups W". 

• Introduce a total order -< on the set of all sets of 6-submodules of g in an arbitrary 
fashion. 

• Enumerate all relevant possibilities for n: 

— Discard all sets of submodules V for which there exists w £ W with 
wA(V) -< A(V) (act element- wise). 

— Discard all sets of submodules V whose union, intersected with C(t ss ), does 
not correspond to a nilradical of a parabolic subalgebra of C(t ss ). 

• Fix n. 

• Intersect the two cones ConeQ(A(rt)) and ConeQ(Sing 6nt (fl/Q) (by using the sim- 
plex algorithm over Q to solve the corresponding linear system of inequalities). 
If the cones intersect, proceed with the remaining steps. 

• Generate the set of weights S. 
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• Generate all possible couples a.\,ct2 € S (oil — a-i is allowed) and compute 
whether ol\ + a.2 has a strongly orthogonal decomposition with respect to A(n). 
If no such strongly orthogonal decomposition exists, proceed with all triples, 
quadruples, up to maxj^S 1 , rkg}-tuples, until reaching a weight with a 
strongly orthogonal decomposition with respect to A(n). If such a strongly 
orthogonal decomposition is found, add the found [-infinite weight and A([) to 
the list (iii), else add it to the list (ii). 

6 Proof of Theorem S3] 

Before we prove Theorem 13. 2\ we need to prove the following. 

Proposition 6.1 Suppose that I satisfies the cone condition. Then C (t ss )nN (C (t ss )D 
n) is a parabolic subalgebra ofC(t ss ). Equivalently, in view of Lemma \2.1[ there exists 
h G f) such that 

C{t ss ) n N(C(t ss ) n tt) = q h ■■= f)i © a , (27) 

a(h)>0 
ai A(t„) 

where f)i = {h G E) | j(h) = for all 7 G A(t)}. In addition, C(t ss ) n JV(tl) = 

c(e ss )nJV(C(* ss )nn). 

Proof. Throughout the entire proof we use Lemma 12.11 

The equality Conez(Sing bn{ (g/[)) n Conez(A(n)) = {0} implies that there exists 
h G fr, for which [3(h) > 0,V/3 G A(n) and a(/i) < 0,Va e Sing bn{ (0/[). Let q/j be 
defined as in (|27|) . 

We claim first that q h D (C(t ss ) n iV(C(« ss ) n n)) D (C(« ss ) n iV(n)). Suppose on 
the contrary that there exists x := 5 +X) Q Js a({ ) a aff Q e C(^ss) H N(C(t ss ) n n) 

ef)i 

for which there is a root 7 G A(C(t ss )) such that "f(h) < and a 7 7^ 0. Then 
f) C N(C(t ss ) n n) implies that whenever a a / we have g a G N(C(t as ) n n). In 
particular 5 7 G 2V(C(t aa )nn). As C(t ss ) is reductive, -7 G A(C(I SS )), and -7(^1) > 
implies —7 G A(n). Therefore g~ 7 G C(t ss ) n n which contradicts the inclusion 
g^cJV(C(ynn). 

We claim next that c\ h C C(t ss ) n N(C(t ss ) n n). Fix a € A(C(f M )) for which 
a(ft) > 0. If /3 G A(C(t M ) n n) and (a + 13) is a root, then {a + f3)(h) > 0. Therefore 
a + (3 G A(C(t ss ) n n) as all roots in A(C(I SS )) are b n ^-singular. Therefore g Q G 
N{C{t ss ) nn). 

So far we have established that q^ = C(t ss ) n N(C(t ss ) n n); we are left to prove 
that q/,, C C(6 SS ) DiV(n). Suppose, on the contrary, that there is —a G A(C(t ss )) such 
that -a(h) = and 7 := -a + [3 € A(g)\A(n) for some j3 G A(n). Since -ai A(6), 
—a, a G Singj, n{ (g/Q and we have the relation 

a + 7 = 13. (28) 

Clearly 7 ^ A(t). For the already fixed choice of a, assume that 7 G A({j)\A(Q is 
a root maximal with respect to the partial order defined by b H 6, such that there 
exists a relation (j2"5|) as above. If 7 G Sing ( , nt (g/(), this would contradict the cone 
condition; therefore there exists S <E A + (t) such that 8 + 7 is a root. The requirement 
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that 7 € A(C(t ss )) forces 5 to be strongly orthogonal to a. Therefore S has the same 
scalar product with 7 as it does with /?, but at the same time S + 7 is a root and 
5 + j3 isn't (due to the maximality of S) . We will prove that these requirements are 
contradictory. Let the simple component of g containing a, 7 and /3 be s. 

Case 1 s is of type A, D, E or G2. The inequality (S,j3) — ((5,7) < contradicts the 
maximality of 7 because if it held, we could add S on both sides of (f2"5)) . The 
inequality (5, 7) > implies (<5, 7) = (the sum of two roots with positive scalar 
product is never a root). In turn, this contradicts the condition that 6 + 7 is 
a root since in root systems of type A, D, E and G2, strong orthogonality is 
equivalent to orthogonality. 

Case 2 s is of type G. Without loss of generality we can assume that (|28fl is Ej 1 + Ej 2 

a 

+(— Sj 2 + £j 3 ) = £j 1 +£j 3 i where the indices Ji,j2,j3 are not assumed to be 

7 

pairwisc different. Then 8 — —£j 3 + £1 contradicts the maximality of 7 for all 
possible choices of the indices ji, J2,J3,^ Furthermore, S = Sj 2 + Ei contradicts 
a e A(C(t ss )) for all possible choices of the indices ji,j2,j3,l- Contradiction. 

Case 3 s is of type B. 

Case 3.1 a and 7 are both short. Without loss of generality (f28|) becomes E\ + £2 



= £1 +£2- The maximality of 7 implies S = E\ — £2 which contradicts 

18 

a e A(C(!„)). 

Case 3.2 a is short and 7 is long. Without loss of generality (|28|) becomes £1 + (— £1 + £2) 

= £2 . The maximality of 7 implies 8 = £\ ± £; for some index i, which 

contradicts a € A(C(t ss )). 
Case 3.3 a is long and 7 is short. Without loss of generality (|28|) becomes £1 + £2 

a 

+ (-£2) = £1 ■ Thus (5 = £2 +£/ for some index I and a € A(C(t ss )) 

7 

implies <5 = £2 — (£1). Then /3 + /3 +<5 = a yields a contradiction. 
Case 3.4 Both a and 7 are long. Without loss of generality (|28|) becomes £1 — £2 



+ £2 + £3 = £i+£3. The assumption that 6 is short contradicts either 

7 P 

a € A(C(t ss )) or the maximality of the choice of 7. The fact that all roots 
participating in (f28|) together with the root 5 are long is contradictory. 
Indeed, otherwise we could use the exact same data to obtain a relation 
in type D. 



Case 4 s is of type F4. Suppose on the contrary that there exist roots a, /3, 7, 6 for which 
holds and <$J= a, <5J= /3, <5 _L 7. The same conditions would continue to hold 
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in the root subsystem A' D f3 generated by a, 7, S. Since A' is of rank 3, setting 
A(n') := {/?}, A(^ s ) = {±5} we get data whose existence we proved impossible 
in the preceding cases. Contradiction. 

□ 

Proof of Theorem 13.21 First, suppose Cone z (Sing bnt (g/l)) n Cone z (A(n)) 7^ 
{0}. Then [ is a Fernando-Kac subalgebra of infinite type by Lemma T4. 61 and section 

El 

Second, suppose Cone z (Sing bne (rj/[)) n Cone z (A(n)) = {0} but [C(t sa )r\N(n)] has 
a Levi subalgebra that has a simple component of type B, D, or E. Let ft e f) be such 
that 7(/i) > for all 7 £ Cone z (A(n)) and 'y(h) < for all 7 e Sing bn( (g/[). According 
to PropositionEU [C% s ) niV(n)] = [C(t S s)nN(C(t ss )nn)} = q h , where c\ h is defined 
as in Lemma RTTl Assume on the contrary that there exists an irreducible (g, [)-modulc 
with g[M] = I. Pick an arbitrary b fl [-singular vector v and consider the qh n C(i S s)ss- 
module N generated by v. We have that N is a strict (q^ n C(t ss ) ss , f) n C(i ss ) ss )- 
module ( "torsion- free" according to the terminology of |Fer90j ). Then, according to 
|Fcr90j Theorem 5.2], it cannot have finite-dimensional t) n C(l ss ) ss -weight spaces. In 
particular there are infinitely many u±, ■ ■ ■ € U(C(£ SS )) such that ui -v, . . . are linearly 
independent and of same f)- weight. Then Uj € U(C(t ss )) implies Ui-v,. . . are all b fit- 
singular, which contradicts the fact that M is of finite type over t ( PSZ04, Theorem 
3.1]). 

Third, suppose Cone z (Sing ( , n{ (g/[)) n Cone z (A(n)) = {0} and C% s ) n N(n) has 
simple Levi components of type A and C only. We will prove that [ is Fernando-Kac 
subalgebra of finite type by the construction [PSZ041 Theorem 4.3]. Since the cones 
do not intersect, there exists a hyperplane in ()* given by an element ft G f) such that 
A(n)) lies in the ft-strictly positive half-space, and Conez(Sing 6nt (g/l)) lies in the 
ft-non-positive half-space. Clearly we can assume ft to have rational action on t)*. 

We introduce now a "small perturbation" procedure for ft to produce an element 
ft' such that 7(ft') ^ for all 7 e A(t). Suppose 7 G A(b n 6) is a root with -f(h) = 0. 
Define g G f) by the properties -f(g) = 1, 7' (5) = for all 7' 1 7. Now choose 
t to be a sufficiently small positive rational number (t < | min^ e A(fl),/9(h)^o 1/3(^)1 
serves our purpose). Set fti := ft — tg. Then all ft-positive (respectively ft-negative) 
vectors remain fti-positive (respectively fti-negative) vectors. The only roots a whose 
positivity would be affected by the change are those with ct(ft) = 0, (a, 7) 7^ 0. 
By the preceding remarks, A(n) lies in the fti-positive half-space. We show next 
that Cone z (Sing fan{ (fj/[)) remains in the fti-non-positive half-space. Suppose on the 
contrary we had a vector a € Sing bn{ (rj/l) that now lies in the fti-positive half space. 
By the preceding remarks a(h) = 0. Therefore a{g) = —jot(hi) < which implies 
(a, 7) < and thus a + 7 is a root. Contradiction. 

If there is a root of t that vanishes on hi, we apply the above procedure again, 
and so on. The number of roots a € A(6) for which a(hi) = is smaller than the 
corresponding number for ft. Therefore after finitely many iterations we will obtain 
an element, call it ft', for which 7(ft') ^ for all 7 € A(t) and 

a(ft') = for all a for which g a e C{t ss ). (29) 

Now define 

a(7i')>0 a(h)>0 
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Then p rec t C (ph) re d = + q/i, where q^ is the subalgebra defined in Lemma 16.11 
By Lemma [BTT1 we get = C(t ss ) n N(n) and the latter is direct sum of simple 
components of type A and C by the centralizer condition. Thus p re d is a sum of root 
systems of type A and C (since types A and C contain root subsystems of type A and 
C only). We can now pick a (pred, f))-module L for which p re d[£] = f) (see [BL82] . 
[MatOOj Sections 8,9]), and we can extend L to a p-module by choosing trivial action 



of the nilradical of p. The choice of hi allows us to apply [PSZ041 Theorem 4.3] to get 
a g-module M for which g[M] is the sum of t and the maximal t-stable subspace of 
p[L] = 1) 3 rip . The fact that at least one weight of each irreducible direct summand 
of q/1 (namely, its b n 4-singular weight) is outside of p[L] implies that the maximal 
4-stable subspace of p[L] is n. This completes the proof. □ 
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A Note on table generation 

All tables in the appendix are generated by computer. The tables are also available in 
.html format from the author or from the web server of the "vector partition" program. 

B Reductive root subalgebras of the exceptional Lie 
algebras 

The reductive root subalgebras of the exceptional Lie algebras are described and tab- 
ulated in Dyn72]. Our tables list in addition the type of C(t 3S ) ss and the inclusions 
between the root subsystems parametrizing the reductive root subalgebras. 
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B.l F 4 

All diagrams that consist of short roots are labeled by '. For example, A' 2 has 6 short 
roots; in the notation C 3 + A\, the root system A\ has long roots. 

Ft 



tss- B4 

C(i$s) S s'- - 

t ss lies in: 


iss- D4 

C(i S s)ss'- - 
i ss lies in: 


iss- C3+A1 
C(i 5S )ss- - 

i ss lies in: 


t ss : A 3 +A[ 

C(iss)ss'- - 

t ss lies in: 


Fa, 


B4, 


F4, 


F 4 , B 4 , 


i ss - b 2 — 

C 2 +2A l 

C% s )ss- - 

i ss lies in: 
C3+A1, B4, 


i ss : A' 2 +A 2 

C(i S5 )ss- - 

i ss lies in: 

F4, 


tss'- 4Ai 

E ss lies in: 
B 2 ~ 
C 2 +2A U 
D 4 , 


tss- C3 
C(iss)ss'- Ai 

t ss lies in: 
C 3 +A u F4, 



tss- B 2 ~ 



iss- b 3 


iss'- A 3 

C(iss)ss'- A\ 


C 2 +A x 




tss : A' 2 +Ai 
{ ss lies in: 
A' 2 +A 2 , 


C(i$s) S s'- - 
t ss lies in: 


t ss lies in: 
A 3 +A[, B4, 


t ss lies in: 
B 2 ~ 


F4, B4, 




C 2 +2A U 






B 3 , 


Cz+Ai, 
B4, 






tss- A^-\-2A\ 


iss- 3vli 




t ss lies in: 
B 2 

C 2 +A u 
B 3 , C 3 , 


ts S : A 2 +A[ 


C(t S s)ss'- - 


C(ts S )ss'- 




C(i$s)ss'- - 


t ss lies in: 


t ss lies in: 


t ss lies in: 


C 3 +A u 


4Ai, 




F 4 , A 3 +A[, 


A 3 +A[, 






A' 2 +A 2l 


B 2 ~ 

C 2 +2A X , 

B 3 , 


£ 2 

C2+2A1, 









tss-- A+Ai 


tss- 2 Ax 






C(iss)ss'- Ai 


C(t S s)ss'- 




i ss '- A 2 


t ss lies in: 


B 2 ~ C 2 


tss'- A 2 
C(t 5S )ss- A 2 
t ss lies in: 
A' 2 +A u C 3 , 


C{t ss )ss'- A 2 


A[+2A U 


t ss lies in: 


tss lies in: 
A 2 +A[, A 3 , 


B 2 ~ 
C 2 +A u 


A[+2A U 
3A U B 2 ~ 


B 3 , 


A ! 2 +A u B 3 , 
A 2 +A[, 

c 3 , 


C 2 +i4i, 

c 2 , 



/^/» \ . a C(£ss)ss : C3 { ss : - 

Llis in 3 *« UeS in: G (*«>« : * 



7 " Ai+i4i,2Ai, «„ lies in: 

^1+^1, ^2: ^ 4' A. 

B 2 ~ C2, 
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B.2 Eq 



Eq 

tss- A§+Ax t ss '- 3A 2 t ss '- D§ t ss '- A§ 

Ax 

t ss lies in: t ss lies in: t ss lies in: t ss lies in: 

Eq, Eq, Eq, A5+A1, Eq, 



t ss : A 4 +Ax 


t ss : A 3 +2Ax 


t ss : 2A 2 +A 1 

C(t ss ) S s'- - 

t ss lies in: 


tss- Di 


C(tss)ss'- - 


C(t s5 ) S s- - 


C(t ss )ss'- - 


tss lies in: 


t ss lies in: 


Eq, A5+A1, 

ZA 2 , 


t ss lies in: 


Eq, A 5 +A U 


As, A 5 +A u 


D 5 , 



t ss : A z +A x 



t ss : A 2 +2A 1 



t ss '- A4 „, \ . A * • A C(^ss)ss : 

nth \ . A ^\*BS]8S- Sil tss- ft ,. . 

0(t SS/ ) ss . Ai lies in- r7rt ) • An t ss lies in. 

t ss lies in: floY .T^' 2 2^+^, 

4 ,4 n ^3+2Ai, e ss hesin: 

t + 1J 5 ' £> 5 , A 4 +A 4 , 2A 2+Al ,A 5 , f? +A ^ 

A 5, a D5, 

2^ A3+2A1, 

p • a a t ss - A3 t ss : A 2 +A\ „,„ . _ . 

2,4! { ss lies in: « lies in. 

tss lies in: „ ,. . f,. . AA X , 

A3+A1, A 4 , A3+A1, 



Vi ' Di, 2A 2 ,A 4 , 



A 3 +A u 



tss- A 2 t S s- 2A\ 

C(t ss ) ss : C(t 5S )ss- A 3 

2A 2 t ss lies in: 

tss lies in: 3Ax, A 2 +Ai, 

A 2 +Ax, A3, A 3 , 



tss- A\ t S s- 

C(t 55 ) ss - A 5 C(t 55 )ss- Eq 

t ss lies in: t ss lies in: 

2A X , A 2 , A t , 



B.3 E 7 



E 7 



tss-- A 7 
C(t s5 )ss'- - 

t ss lies in: 

E 7 , 


tss'- Dq+Ax 
C{tss)ss- 

t ss lies in: 
E 7 , 


t ss -- A 5 +A 2 

C(tss)ss'- - 

t ss lies in: 
E 7 , 


t ss -- D 4 +3Ax 

C(t ss ) ss '- - 

t ss lies in: 
Dq+Ax, 


t ss : 2^3+^1 


tss'- 7 Ax 


tss- Eq 


tss'- Dq 


C(t s5 ) S s'- - 


C(t s5 )ss- - 


C(t 55 )ss- ~ 


C(t 55 )ss- Ax 


t ss lies in: 


t ss lies in: 


t ss lies in: 


t ss lies in: 


Dq+Ax, E 7 , 


D 4 +3A U 


E 7 , 


D 6 +Ax, E 7 , 


tss- Aq 
C(tss)ss'- - 

t ss lies in: 
E 7 , A 7 , 


t ss -- D 5 +Ax 

C(t ss )s S : - 

t ss lies in: 
E 7 , Dq+Ax, 


t ss : A 5 +Ax 

C(t ss ) ss -- - 

t ss lies in: 
E 7 , Dq+Ax, 
A b +A 2 , 


tss-- D 4 +2Ax 
C{t ss )ss-- Ax 
t ss lies in: 
D 4 +3Ax, 

Dq, Dq+Ax, 
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E 7 



t ss - A 4 +A 2 

C\tss)ss- - 

t ss lies in: 
E 7 , A 7 , 
A 5 +A 2 , 


t ss : 2A 3 
C(t BS ) ss : At 
t ss lies in: 

2^3+^1, 

As, A 7 , 


*~ss • 

A 3 +A 2 +Ai 

C{t s5 ) ss '- - 

t ss lies in: 
De+Ai, E 7 , 
A b +A 2 , 
2A 3 +A U 


t ss : A 3 +3A 1 

t ss lies in: 

A+^i, 
D 6 +A u 
D 4 +3A U 
2A 3 +A X , 


t ss : 3A 2 
C(t S5 ) ss '- - 
t ss lies in: 
A 5 +A 2 , E 6 , 


tss- 6 A t 
C% s )ss- At 
t ss lies in: 
7A U 

Di+2At, 
D 4 +3At, 


tss- A 

C(t 55 ) ss - Ai 
t S s lies in: 
D 5 +A u E 6 , 
A, 


tss'- A§ 

C(t S5 )ss'- A 1 
t ss lies in: 
A 5 +A u As, 
Ee, 
A, 


tss'- A$ 

C(t 5S ) ss '- A 2 
t ss lies in: 

A - -L- A , D„ 


t ss : D 4 +A x 

C(t ss ) ss - 

2A X 

t ss lies in: 
D 4 +2A X , 
D 5 +A l7 
As, 


t ss : A 4 +A x 

C(^ss)ss : " 

t ss lies in: 
E e , A 5 +A u 
A 6 , 

D 5 +A 1 , 
A 4 +A 2 , 


t ss : A 3 +A 2 
C(t 55 ) ss '- Ai 
t ss lies in: 
A 3 +A 2 +A u 

A 1 A 
A 4 -\-l\ 2 , 

D 6 , A 6 , 2A 3 , 


t as : A 3 +2A X 
C{t ss ) ss : Ai 
t ss lies in: 
A 3 +3A U 
D 4 +2A U 
D 6 , A 5 +A u 
A 3 +A 2 +A l7 
D 5 +A u 


t ss : 2A 2 +A 1 

C(t s5 )ss- - 

t ss lies in: 
A 4 +A 2 , 
A 5 +A u 
Eg, 

A 3 +A 2 +A u 
3A 2 , 


t ss : A 2 +3A X 

C{tss)ss'- - 

t ss lies in: 
A 3 +3A U 
D 5 +A u 
A 3 +A 2 +Ai, 


tss- 5Ai 
C(t ss )ss'- 

2A 1 

t ss lies in: 
6A U 

D 4 +2A 1 , 
A 3 +3A U 
D 4 +Ai, 


tss- Di 
C(t 5s ) ss '. 

3A 1 

t ss lies in: 

U 4 -\-A\, U5, 


t S s'- A4 

C(t 5S ) ss - A 2 
t ss lies in: 
A 4 +A u A 5 , 

As, 
A 5 , 


t ss : A 3 +A x 

C(^ss )ss '■ 

2A 1 

t ss lies in: 
A 3 +2A U 
D 5 , A 4 +Ai, 
Di+A u A 5 , 
A 3 +A 2 , 


tss'- A 3 +A t 
C(f„) ss'- A 3 
t ss lies in: 
A 3 +2A U A 5 , 

U 4 -\-A\, 


t ss : 2A 2 
C(t ss ) ss : A 2 
t ss lies in: 
2A 2 +A U 
A 3 +A 2 , 
A 5 , A 5 , 


t ss : A 2 +2Ax 

C{t$s)ss- A\ 

t ss lies in: 

A 2 +3A U 

2A 2 +A X , 

A 3 +2A U 

A, A 4 +A u 

A 3 +A 2 , 


t ss : 4Al 
C(t S s) S s'- 

t ss lies in: 
5A U 

A 2 +3A U 

D 4 +A u 

A 3 +2A U 


t ss '- A 3 

C{t s5 ) ss '- 

A 3 +A 1 
t ss lies in: 
A 3 +A u 
A 3 +A u 
A 4 , D 4 , 



31 



E 7 











t ss : A 2 +A x 


C(5ss)ss : 






C{t ss ) ss : A 3 


AAi 


fi ss : 3Ai 




t ss lies in: 


t 8 s lies in: 


C(£as)«s : -D4 


C(iss)ss'- A5 


A 2 +2A lf A 4 , 


4Ai, 


fi s;s lies in: 


i ss lies in: 


A 3 +A u 






A 2 +A u A 3 , 


2A 2 , 









s s • 

D 4 +A 1 
i ss lies in: 
3Ai, 3Ai, 

-A3, 



D 6 C(t ss ) ss : E 7 
iss lies in: i ss lies in: 

2Ai, A 2 , A u 



B.4 



^ss : D s 

t ss lies in: 

Eg, 


iss'- Ag 

C-(i 5S )ss'- - 

i ss lies in: 

Eg, 


i ss '- E 7 +Ai 
C(i 5S )ss- - 

i ss lies in: 

Eg, 


tss- A 7 +A x 

C(i$s)ss'- - 

i ss lies in: 
E 7 +A\, Eg, 


i ss : E 6 +A 2 

C(i ss )ss-- - 

i ss lies in: 

Eg, 


iss- D 6 +2A 1 
C(i ss )ss'- - 

i ss lies in: 
E 7 +At, Dg, 


i ss : D 5 +A 3 

C(iss)ss'- - 

i ss lies in: 

Eg, Dg, 


i-ss • 

A 5 +A 2 +A 1 
C(i 5S )ss- - 

i ss lies in: 

E 6 +A 2 , 

E 7 +A l7 

Eg, 



tss'- 2D 4 
C{tss)ss'- ~ 

t ss lies in: 
Dg, 



tss'- -D4+4Ai 
C(t s5 )ss'- - 

t ss lies in: 

D 6 +2A U 

2D 4 , 



t ss '. 

C(t ss ) SS - 
i ss lies in: 

Eg, 



2A 3 + 2^! 
C(t 5s )ss'- - 

t ss lies in: 
Er+A u 
D 6 +2A U 
D 5 +A 3 , 



tss'- 4:A 2 


tss'- SA X 


iss- E 7 


iss- D 7 


G(i S5 )ss'. - 


C(t ss )s S : - 


C(t S5 )ss'. Ai 




t ss lies in: 


t ss lies in: 


t ss lies in: 


t ss lies in: 


E 6 +A 2 , 


D 4 +4A U 


E 7 +A\, Eg, 


Eg, Dg, 



tss- A 7 
C(i 5 s)ss'. - 
tss lies in: 

Eg, Dg, Ag, 



tss'- A 7 
C(t 5 s)ss'. A\ 

tss lies in: 
A 7 +A 1 , Dg, 
E 7 , 



^SS • 

ss . 

tss lies in: 
E 7 +A\, Eg, 
E e +A 2 , 



i ss : As+^i 
C(t ss )ss' Ai 
i ss lies in: 
D 6 +2A U 
E 7 +A x , 
E 7 , Dg, 
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Es 



t ss : A & +A x 


tss- D 5 +A 2 


t ss : D b +2A 1 


tss- A 5 +A 2 


C(5ss)ss : - 


C(£<ss)ss'- - 


C{t s5 ) ss '- - 


C(4ss)s S : A\ 


iss lies in: 


tss lies in: 


t ss lies in: 


t ss lies in: 


Er+Au E 8 , 


E%, ^8, 


E 7 +A u D 7 , 


A 5 +A 2 +A!, 


A s , 


E 6 +A 2 , 


D e +2A 1 , 


E e +A 2 , 


A 7 +A ly 


D 5 +A 3 , 


D 5 +A 3 , 


As, Eh, 



t ss : A 5 +2A X 








C(t s5 ) ss '- - 




t ss : L»4+3Ai 


t ss : A 4 +A 3 

C(t 5s ) ss '- - 

t ss lies in: 
Ds, E s , As, 
D 5 +A 3 , 
2A 4 , 


t ss lies in: 


t ss : D 4 +A 3 


C(t S5 ) ss : A 1 


E 6 +A u 


C(t s5 ) ss ' - 


t ss lies in: 


E 7 +A u 


t ss lies in: 


D A +AA U 


D s , 


D 8 , D 7 , 2D 4 , 


D 6 +2A l , 


D 6 +2A 1 , 


D 5 +A 3 , 


D*+A u 


A 7 +A u 




2D 4 , 


A 5 +A 2 +A u 









t ■ 

^ss • 

A A +A 2 +A 1 


t ss : 2A 3 +A 1 
C(t ss ) ss : At 
t ss lies in: 
2A 3 +2A U 
D ri +A 3 , 
De+A-t, E 7 , 
A 7 +Ai, 


A 3 +A 2 +2At 

C(^ss)ss : - 


tss'- A 3 +AAt 

C(t ss ) ss '- - 


C(t S s) ss '- - 


t ss lies in: 


t ss lies in: 


t ss lies in: 


E 7 +At, 


D 6 +2At, 


E 7 +A u E s , 


D 6 +2At, 


D 5 +2At, 


E 6 +A 2 , 


D 5 +A 2 , 


D 4 +A 3 , 


A 7 +A U 2A 4 , 


D 5 +A 3 , 


D 4 +AAt, 


A 5 +A 2 +A u 


A 5 +A 2 +At, 
2A 3 +2A U 


2A 3 +2At, 


t ss : 3A 2 +Ai 


t ss : 7 At 




^ss- D 6 


C(t 5s ) ss '- - 


C(t ss ) ss : At 


iss- Eq 


C(t S s)ss'- 


t ss lies in: 


t ss lies in: 


C(t 5S ) ss - A 2 


2At 


A 5 +A 2 +At, 


8Ai, 


i ss lies in: 


i ss lies in: 


E 6 +A 2 , 


D 4 +3At, 


Ee+At, E 7 , 


De+At, E 7 , 


Ee+At, 4A 2 , 


D 4 +4At, 




D 7 , 




t ss : D 5 +At 


t ss : A 5 +At 




iss- Aq 


C(t ss )ss- At 


C(t ss )s S : At 


i ss : A b +At 


C(t S5 ) ss '- A\ 


t ss lies in: 


t ss lies in: 


C(t 55 )ss- A 2 


t ss lies in: 


D 5 +2A U 


A 5 +2At, A 7 , 


t ss lies in: 


Aq+Ax, D 7 , 


D 7 , Eh, 


Ee+At, 


A 5 +2At, 


E 7 , 


Ee+At, 


E 7 , A 6 +At, 


De+At, 


A 7 , A 7 , 


De+At, 
D 5 +A 2 , 


De+At, 
A 5 +A 2 , 


A 7 , E e , 
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t ss : D 4 +2A 1 

C(fiss)ss : 


{ ss : A 4 +^ 2 

C(hs)ss- Ai 

i ss lies in: 
A 4 +A 2 +A x , 


tss- A 4 +2A X 

C(ts$)ss'- - 


t ss : D 4 +A 2 
C(l ss ) ss : - 
t ss lies in: 


t ss lies in: 
£> 4 +3Ai, 


t ss lies in: 

A 5 +2A U 

E e +A u 


D 7 , D 4 +A 3 , 




A 7 , 

E 7 , D 5 +A 2 , 
A 4 +A 3 , 
A 5 +A 2 , A 7 , 


A 4 +A 3 , D 7 , 


D 5 +A 2 , 


£> 5 +2Ai, 


Aq+Au 






D 5 +2A U 




A>, 


A 4 +A 2 +A 1 , 



tss'- 2 A3 

C(«„) s s • 
2A 1 

t ss lies in: 
2A 3 +A U A 7 , 
Di+A 3 , 
As, 



t S s- 2 A 3 
4 SS lies in: 

D4+A3, 

A 4 +A 3 , 



A 3 +A 2 +A 1 

C{tss)ss'- A\ 

t ss lies in: 
A 3 +A 2 +2Ax, 

Er, 

A 4 +A 2 +A u 

A 4 +A 3 , 

Aa+A u 

A 5 +A 2 , 

D 5 +A 2 , 

2A 3 +A U 

D 6 +A u 



tss- A 3 +3 A x 

C(t 5S )ss- Ai 

t ss lies in: 

A 3 +AA U 

D 5 +2A U 

D 5 +A u 

D 6 +A u 

D 4 +A 3 , 

A 5 +2A U 

D 4 +3A U 

A 3 +A 2 +2A U 

2A 3 +A U 



t S s- 3A 2 
C{t ss ) ss : A 2 
tss lies in: 
3A 2 +A U 
A 5 +A 2 , 
Eg, 


2A 2 +2A 1 

C(t s5 ) ss - - 

t ss lies in: 

A 3 +^ 2 +2Ai, 

D 5 +A 2 , 

Bk+Au 

A 4 +A 2 +A x , 

A 5 +2A U 

3A 2 +A U 


t ss : A 2 +4A X 

C(t 5s ) ss '- - 

t ss lies in: 

D 5 +2A U 

A 3 +AA X , 

D 4 +A 2 , 

A3+A2+2A1 




tss'- A5 


t ss : D 4 +A 1 


t ss : D 5 


C(tss)ss'- 




C{t ss )ss- A3 


A 2 +Ax 




t ss lies in: 


t ss lies in: 


t ss lies in: 


D 5 +Ax, E 6 , 


M+Ai, 


D 4 +2A X , 


As, 


M+Ai, 


D h +A u 




Dq, A 6 , E e , 


D 6 , D 4 +A 2 , 



tss- 6Ai 

88' 

2A r 

tss lies in: 
7 A u 

D 4 +2A U 
D 4 +3A U 
A 3 +AA U 



t ss : A4+A1 

C(t 55 )ss- A 2 
t ss lies in: 
A 4 +2A l7 
A 5 +A u 
A 5 +A u A 6 , 
Ds+Ax, 
A 4 +A 2 , E 6 , 



34 



Ea 







t ss : A 3 +2A X 




t ss : A 3 +A 2 




C(t 5s ) ss - 


t ss : 2A 2 +A 1 

C(t S s)sS- A 2 

t ss lies in: 
2A 2 +2A U 
A 3 +A 2 +A 1: 
A 5 +A u E 6 , 
A 4 +A 2 , 
A 5 +A u 3A 2 , 


C(t$s)ss'- 


t ss : A 3 +2Ax 


2A 1 


2Ai 


C(t 5s ) ss - A 3 


t ss lies in: 


t ss lies in: 


t ss lies in: 


A 3 +3A U 


A 3 +A 2 +A U 
2A 3 , 


A 3 +3A U 
D 4 +2A 1 , 


D 5 +A u 
A 5 +A u 


D 6 , A 4 +A 2 , 


2A 3 , A 5 +A 1: 


Ai+2Ai, 


D4+A2, 
As, 2 A 3 , 


D 5 , 


D e , 2A 3 , 

D 4 +2A 1 , 

A 3 +A 2 +A u 



t ss : A 2 +3Ai 

C(t ss ) ss : Ai 

t ss lies in: 

A 2 +4A U 

D B +A U 

2A 2 +2A U 

A 3 +A 2 +A u 

A 4 +2A U 

A 3 +3A U 

D 4 +A 2 , 



tss- 5Ai 
C(tss)ss'- 

3A 1 

t ss lies in: 
6A U 

A 3 +3A U 
D 4 +2A U 
A 2 +AA 1 , 
D4+A1, 



t ss lies in: 
D4+A1, As, 



A 4 



,: A A 



t S s lies in: 
A 4 +A u A 5 , 
A, 



t ss : A 3 +Ai 




t ss : A 2 +2A X 




C(t 55 ) ss '- 


t ss : 2A 2 

C(t 55 )ss- 

2A 2 

t ss lies in: 

2A 2 +A U 

A 3 +A 2 , 


C(t ss )ss- A 3 


tss- 4Ai 


A 3 +A x 


t ss lies in: 


C{t s5 ) ss '- 


t ss lies in: 


A 2 +3A U 


AA 1 


A 3 +2A U 


A 4 +A u 


t ss lies in: 


A 3 +2A U 


A 3 +2A U 




Ai+A u 


A 3 +A 2 , 


A 2 +3A X , 


A 3 +A 2 , 


A 3 +2A U 


D 4 +A 1 , 


D 4 +A u A 5 , 




A, 


A 3 +2A U 


A, 




2A 2 +A U 





tss- 4Ai 
C(t 5S ) ss - D 4 
t ss lies in: 
5Ai, 

A 3 +2A U 
D 4l 



tss- A 3 

C(t ss )ss- A 
t ss lies in: 
A 3 +A u A 4 , 
D 4l 



t ss : A 2 +Ai 



C{t s 



t ss lies in: 
A 2 +2A U 
A 3 +Ai, 
2A 2 , A 4 , 



t ss '. 3A\ 

D 4 +A l 
t ss lies in: 
4Ai, 4Ai, 
A 2 +2Ai, 
A 3 +A u D 4 , 



tss'- A 2 
C(t ss ) ss '- Eq 

t 8S lies in: 
A 2 +A u A 3 , 



C(t ss )s S : A 
t ss lies in: 
3Ai, A 2 +A u 
A3, 



tss- A\ 

C{t s 



,: #7 



6 SS lies in: 
2A 1 , A 2 , 



<■ Ea 



C{t s 
t ss lies in: 
Ai, 
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C Cardinalities of groups preserving A(b fl t) 



Define W to be the group of root system automorphisms of A(g) that preserve A(bnt). 
W = W" x W" is the semidirect sum of the Weyl group W" of C{t ss ) with the group 
W" of graph automorphisms of (A(t ss ) © A(C(£ SS )) D A(b) that preserve A(t ss ) and 
A(C({ SS ) and extend to root system automorphisms of A(g). 



C.l F 4 





C (kss) ss 


#W" 


#W" 


#(W" x 


Fa 




1 


1 


1 


Bi 




1 


1 


1 


D± 




6 


1 


6 


C 3 +A 1 




1 


1 


1 


A 3 +A[ 




2 


1 


2 


B 2 = C 2 +2A 1 




2 


1 


2 


A' 2 +A 2 




2 


1 


2 


AAt 




24 


1 


24 


c 3 


A! 


1 


2 


2 


B 3 




1 


1 


1 


A 3 


A'x 


2 


2 


4 


B 2 = C 2 +A 1 


Ax 


1 


2 


2 


A' 2 +A x 




2 


1 


2 


A 2 +A[ 




2 


1 


2 


A[+2A 1 




2 


1 


2 


3Ai 


A x 


6 


2 


12 


B 2 = C 2 


2A X 


2 


4 


8 


A' 


A 2 


2 


6 


12 


A 2 


A' 


2 


6 


12 


A' 1 +A 1 


Ax 


1 


2 


2 


2A X 


B 2 = C 2 


2 


8 


16 


K 


A 3 


2 


24 


48 


Ax 


c 3 


1 


48 


48 






1 


1152 


1152 



W") 
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C.2 E 6 

Iss C(k aa ) aa #W" #W" #(W"'xW") 

E 6 2 12 

A 5 +Ai 2 1 2 

3A 2 12 1 12 

D 5 2 12 

A 5 A 1 2 2 4 

2 1 2 

A 3 +2yli 4 1 4 

2^2+^! 4 1 4 

L> 4 12 1 12 

A 4 A 1 2 2 4 

A 3 +^i Ai 2 2 4 

2A 2 A 2 4 6 24 

A 2 +2^i 4 1 4 

4Ai 48 1 48 

A 3 2Ai 4 4 16 

A 2 +Ai A 2 2 6 12 

3Ai Ai 12 2 24 

A 2 2A 2 4 36 144 

2Ai A 3 4 24 96 

At A 5 2 720 1440 

Ea 2 51840 103680 
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C.3 E 7 



^SS 


^ \">ss Jss 


II \*\Tl! 




#(W XI W ) 






1 


1 
1 


1 
1 


A 

A 7 




2 


1 


2 


I ) | A 




1 


1 

1 


1 


A i A 




2 


1 

1 


z 









1 

1 





OA 1 A 
2A$-\-A\ 




A 

4 


1 

1 


4 


7 A 
(A\ 




IDo 


1 

1 


IDo 






O 
z 


1 

1 


2 


^6 


A 

A\ 


1 


Z 


2 


A 

A 6 






z 


1 

1 


z 


I 1 I A 

1J5+A-L 




2 


1 


z 


A 1 A 




z 


1 

1 




z 




A 

A\ 



z 


z 


4 


A 1 A 

A4+A2 






2 


1 

1 


2 


O A 

ZA3 


A 

A\ 


A 

4 


z 


Q 
O 


A _i_ A _i_ A 
A 3 +A 2 +Ai 





z 


1 

1 


2 


A 1 O A 




4 


1 


A 

4 


O A 

6A 2 




1 
Iz 


1 

1 


Iz 


a A 


A 

A\ 


z4 


z 


A O 

48 




A 

A\ 


z 


z 


4 


A 

A 5 


A 

A\ 


z 




z 


A 

4 


A 

M 


A 

A2 



z 





1 
Iz 


1 \ I A 

L>4+Ai 


O A 

ZA\ 




z 


A 

4 






A 1 A 
A4+A1 




z 


1 


2 


A _i_ A 


A 

A\ 



z 


z 


1 

4 


A 1 O A 


A 

A\ 




Z 


4 






4 


1 

1 


4 


A 1 /t 
A2+6A1 




1 
Iz 


1 

1 


12 


r /I 


O A 

ZA\ 





A 

4 


00 
oz 




A 

6A\ 







A Q 

4o 


4 

A 4 


A 

A 2 




2 


6 


Iz 


As+Al 


A 
ZAi 



z 


4 






A 1 4 


A 

A3 


z 


z4 


48 


A 
ZA2 


A 

A2 


/I 

4 





OA 

z4 


A 2 +2A X 


A 1 


4 


2 


8 


AAx 


3Ai 


6 


8 


48 


A 3 


A^+A-L 


2 


48 


96 


A 2 +A 1 


A 3 


2 


24 


48 


3Ai 


AA 1 


6 


16 


96 


3A 1 


Da 


6 


192 


1152 


A 2 


A 5 


2 


720 


1440 


2A X 


D i +A 1 


2 


384 


768 


Ar 


D 6 


1 


23040 


23040 




E 7 


1 


2903040 


2903040 
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C.4 E 8 



p 

^ss 


^ y^ss jss 


WW 




4L(W" vi W'M 
f/^rv XI VV J 


p„ 
-^8 




1 
1 




1 
1 






1 

_L 




1 
± 


A 

A& 




9 
Z 




z 


TP _l_ A 




1 




1 
1 


A,, i A , 




9 
z 




9 
z 






9 
z 




9 
z 


Uq+ZAi 




9 
Z 




Z 


Ar. 




9 

z 




9 

z 


A l A L Am 

A5+A2+A1 




9 
Z 




9 

z 


on, 




1 9 
J_ z 




1 9 
1 z 






9zL 

Z4 




9/1 
z^± 


9 A . 
AIA\ 




/I 
4 




4 


9 A„ J- 9 4, 




O 
O 




S 



4/12 




4o 




zlS 


S A 
oA\ 




1^/1/1 




13/1/1 


TP^ 


Al 


1 
1 




9 
z 


u i 




9 
z 




9 
z 


A 

Aj 




9 
z 




9 

z 


A 

A7 


A 

A\ 


9 
Z 




4 


TP _i_ A 




9 
z 




9 

z 


D„-L A , 
D%-\-A\ 


A , 
A\ 


1 

1 




9 
z 


A. 1 A , 
^16+^11 




9 
z 




9 
z 


-1^5+^12 




9 
z 




9 
z 






4 




4 


^5+^2 


A 

Al 


9 
z 




4 
4 


A5+ZAI 




9 

z 




9 
Z 










4 
4 




A 

A\ 







1 9 
1Z 


A .J- A 
A4+A3 




9 
z 




9 

z 


A .J- A L A 

A4~\-A2+A\ 




9 
z 




9 
Z 


OA _l A 
ZA3+A1 


A 

A\ 


4 




Q 
O 


A -4- A 4-9 A 
A^-\-A 2 -\-LA\ 




/I 




4 
4 


A A 




1 £ 




ID 


^ A„J- A , 




1 9 

1Z 




1 9 
1Z 


7A, 


A 1 


168 


2 


336 


E@ 


A 2 


2 


6 


12 


D 6 


2A 1 


2 


4 


8 


A 6 


A! 


2 


2 


4 


D 5 +A! 


Ai 


2 


2 


4 


A^+Ai 


A x 


2 


2 


4 


A^+Ai 


A 2 


2 


6 


12 


D t +A 2 




12 


1 


12 


D4+2A1 


2A 1 


4 


4 


16 


A 4 +A 2 


A! 


2 


2 


4 


^4 + 2^1 




4 


1 


4 
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^ss 


C{h ss ) ss 


#W" 


#W" 


#{W" x W" 


2A 3 


2Ai 


8 


4 


32 


2A 3 




8 


1 


8 


A 3 +A 2 +A x 


Ai 


2 


2 


4 


A 3 +3Ai 


Ai 


4 


2 


8 


ZA 2 


^2 


12 


6 


72 


2A 2 +2A l 




8 


1 


8 


A 2 +AA X 




48 


1 


48 


6A1 


2Ai 


48 


4 


192 


D 5 


^3 


2 


24 


48 


A 5 




2 


12 


24 


D i +A 1 


3Ai 


6 


8 


48 


A 4 +A ± 


^2 


2 


6 


12 


A 3 +A 2 


2Ai 


4 


4 


16 


^3+2^1 


^3 


4 


24 


96 


^3 + 2^1 


2Ai 


4 


4 


16 


2^2+^1 


^2 


4 


6 


24 


^2+3^1 


Ai 


12 


2 


24 


5A 1 


3Ai 


24 


8 


192 


Di 


Di 


6 


192 


1152 


Ai 


Ai 


2 


120 


240 


A 3 +A ± 


A 3 +A 1 


2 


48 


96 


2A 2 


2A 2 


8 


36 


288 


A 2 +2A l 


A 3 


4 


24 


96 


4Ai 


4Ai 


24 


16 


384 


4Ai 


D 4 


24 


192 


4608 


A 3 


D 5 


2 


1920 


3840 


A 2 +Ai 


A 5 


2 


720 


1440 


3Ai 


Di+Ai 


6 


384 


2304 


^2 


Eg 


2 


51840 


103680 


2Ai 


D 6 


2 


23040 


46080 




E 7 


1 


2903040 


2903040 




Eg 


1 


696729600 


696729600 



D (-infinite weights for the exceptional Lie algebras 

This section lists all minimal [-infinite relations and the corresponding two-sided 
weights under the assumption that C(t ss ) n n is the nilradical of a parabolic sub- 
algebra of C(t ss ) n n containing C(t ss ) n f). 

In the tables to follow, under each root at (respectively, /3j) we write the type of 
the semisimple component of t whose roots are linked to at (respectively, The 
' sign is used to distinguish different components of t that have the same Dynkin 
type. In type F4, the sign ' stands for a component of t whose roots are short. 
For example, A[ + A\ represents the direct sum of two sl(2), one with long and one 
with short roots, and A\+Ai stands for two long- root sl(2)'s. For example, if a root 
cti is linked to A\\ and a root (3j is linked to A\\ then Qj and ctj are linked to the 
same component of A(t); similarly if a root ca is linked to Ai, and a root f3j is linked 
to A\, then the two roots arc linked to two different components of A(t). 
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D.l F 4 



Number of different non-solvable subalgcbras up to g-automorphism such that n fl 
C(t ss ) is a nilradical of a parabolic subalgebra of t containing C(t ss ) n f): 503 
Among them 234 satisfy the cone condition and 269 do not. 



Relation / linked 6-components 



ct^'s, /3 j 's adding 
generate ^(O 
generates 



Non-zero scalar products 



l-scmisimple type: A3 



pic type: B 2 = C 2 + Ai 



2a± 

B 2 = C 2 



01 + 
B 2 = C 2 +A 1 



02 

g2 = C 2 + A 1 



B 2 = C 2 Fa 



0l) = 2, (e*i, 02> = 2 . 



pic type: A 2 +A\ 



2a± 



01 + 
A 2 +A\ 



02 
Ao 



B 2 = C 2 F 4 



01> = 2, (e*l, 02> = 2, 



2a! 



pic type: A 1 +A 1 +A 1 



01 + 
- 4 1+A 1 ' + A 1 " 



02 

A 1 +A 1 ' + A 1 " 



B 2 = C 2 



( = 1, /3i) = 2, (ai, 2 > = 2, 



*1 + 



*1 + 
= C 2 



2a 1 

B 2 = C 2 



ph type: B2 = C 2 



01 + 
B 2 = C 2 

01 
B 2 = C 2 

01 + 
g2 = ^2 



02 
B 2 = C 2 



02 
g2 = ^2 



A3 -B4 
A 2 B 4 
B 2 = C 2 F 4 



01> = 2, (c*i,02> = 2, 
<c 2 , /3!> = 2, <o 2 , /3 2 > = 2, 

(«1,«2) = -2, <ai,01> = 
2, <a 2 , 01> = 2, 

("1, 01> = 2, (ai, 02> = 2, 



01 + 
A' 



»1 + 



pie type: Ag 



0i+ 

A' 



01 
A' 



01 + 



02 + 
A' 



02. 



03 
A' 



D 4 



A 2 



^4 



*4 
Fa 



(«1,«2) = 2, (ai,0i) = 

("l.fe) = 2, <ai, 3 > = 

<a 2 , 01> = 2, <o 2 , 2 > = 
<a 2 , /3 3 > = 2, 

<ai, a 2 > = -2, <ai, 0i> 
2, <a 2 , 0!) = 2, 



<°1,01> 
<°2. 01> 



<"1.02> 

(°2> 2 > i 



pli type: A 2 





2a 1 




01 + 
A 2 


02 
A 2 


B 2 = C 2 


B 4 


01> = 2, («1, 02> = 2, 


-1+ 

A 2 


2ai 
A 2 
o 2 




01 + 
A 2 
01 
A 2 


02 
A 2 


B 2 = C 2 
B 2 = C 2 


B 4 
B 4 


01> = 2, («1, 02> = 2, 

(«1,«2) = -2, <«1,01> = 
2, 


*1 + 
A 2 
«1 + 
A 2 


<*2 
A 2 
£*2 




201 
A 2 
01 
A 2 




B 2 = C 2 
B 2 = C 2 


B 4 
B 4 


<ai, 0i) = 2, <o 2 , 01> = 2, 
<»1. 01> = 2, <c»2, 0i> = 2, 


-1 + 

A 2 


o 2 




01 
A 2 




^2 


F4 


«2> = ("1, 01> = 
1, <c 2 , 0!) = 1, 



pic type: Aj + Aj " 



>1 + 



01 



*'l 






A 'l 


01+ 


a 2 




201 


Ai+Aj 


Al 




A'i+Ai 


= 1 + 


a 2 




01 


Al 






Al 


ai + 


°>2 




01 


^'l 


A 'l 




A 'l 


"1 + 


a 2 




01 + 


Al 


A 'l 




A' 1 + A 1 


"1 + 


a 2 




01+ 02 


Al 


A 'l 




Al A' 2 


"1 + 


a 2 




201 + 


Al 


Al 




A' 1 +A 1 


«1+ 


a 2 




01+ 2/3 2 


A'j + Aj 






Ai a; 


"1 + 


<*2 




201 








*'l 


"1 + 


°>2 




01+ 2/3 2 


Al 


A 'l 




Al A'j 


"1 + 


a 2 




01 


Al 


A 'l 




Ai+Aj 




2a 1 




01 + 


A 


i+Al 




A[ + A 1 



02 



a! 



B2 = C 2 
B 2 = C 2 



B 2 = C 2 
B 3 



B 2 = C 2 
B3 



B 2 = C 2 
B 2 = C 2 



C3+A1 


<ai, a 2 > = - 
2, 


2; <Q 2 , 01) = 


*4 


<<*1. 01> = 2, 


<o 2 , 0i> = 2, 


A 3 + A'j 


(«1,«2) = - 
2, <c 2 , 0!) = 


2: <»1,01> = 

2, 


C3 + A1 


<ai,/3l> = 2, 


<o 2 . 01> = 2, 


*4 


<ai,3l> = 2, 
<a 2 , /3 2 > = 2, 


(ai,02> = 2, 


*4 


<ai,/3l> = 2, 
<c 2 , /3!> = 2, 


(ai,/3 2 > = 2, 


F 4 


(<"P»2> = 2, 
<ai, 2 > = 2, 
<a 2 , /3 2 > = 2, 


(ai.fll) = 2, 
<a 2 . 01> = 2, 


F 4 


(«1,«2) = 2, 
<ai,fi 2 ) = 2, 
<a 2 , /3 2 > = 2, 


(ai,0l) = 2, 
<o 2 ,0i> = 2, 


C3 + A1 


<ai,3l> = 2, 


<a 2> 01> = 2, 


*4 


(°1.«2> = 2, 
<ai,fS 2 > = 2, 
<c 2 , /3 2 > = 2, 


(<*i,0i> = 2, 
<»2. 01> = 2, 


*4 


<ai, a 2 > = - 
2, 


2, <ai,0l> = 


*4 


<ai, 0i> = 2, 


02> = 2, 
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Relation / linked ^-components 





2a l 




+ 


02 




A 'l 




A 1 +A 1 


A l 


1 i 


oe 2 




PI 




+ A 1 


A 

1 




a' 1 +a 1 






2ai 


= 








A i 




K 








= 


2^1 + 


02+ 03 




A l 




A f 1 + A 1 


A 'l 


-1 + 


»2 


= 


01 




A l 


A 'l 




A 1 , A 
A l+ A l 




°1 + 


a 2 


= 


fl + 


02 


A l 


A '\ 




A 'l+ A l 


A 'l 


-1 + 


a 2 




0l + 


02 


M 


A l 




A 'l+ A l 


A[ + Ai 


«i + 


2a 2 




01 + 20 2 






A 'l 




Ai A[ 





0i' B 

generate 

B 2 = C 2 
B 2 = C 2 
B 2 = C 2 
B 3 
A 2 



A 3 
C 3 



adding 
A(t) 

generates 

f 4 

C 3 + Ai 

F 4 

B 4 



B 4 
F 4 



Non-zero scalar products 

ai, 0l) = 2, (en, 2 ) = 2, 

ai,0i) = 2, {a 2 ,0i) = 2, 

ai, 0i) = 2, (en, 2 ) = 2, 

ai, 0i) = 2, (ai, 2 ) = 2, 
o>l,0 3 ) = 2, 

"1. «2> = -2, ("1, 0l) = 
, (a 2 , 0i) = 2, 

ai,0i) = 2, ( ai ,0 2 ) = 2, 
oc 2 ,0l) = 2, 

ai,0i) = 2, <ai,0 2 > = 2 , 
o>2, 01) = 2, (a 2 ,02) = 2, 
ai, 2 ) = 2, (<x 2 ,0i) = 2, 
°2. 02) = 1. 



E-scmisiiiiplo typo Ai+Ai 



»1 + 



*1 + 



"1+ 

"1+ 
Al 



a 2 

Al' 

2a! 

<*2 

2ai 
Al 

a 2 

a 2 
A l' 



01 
Ai+Ai' 

01 + 
Al+Ai' 

01 
Al 

01 + 
Al+Ai' 

01 
Al+Ai' 

01 + 
Al+Ai' 





B 2 


= c 2 


Bi 


(ai,0l) = 2, 


<a 2 ,/3i) = 2, 


02 
Ai+Ai' 


B 2 


= c 2 


B 3 


(«l.ft) = 2, 


l-l-fe) = 2, 


02 
A l+ A l' 


A 2 




C 3 + A l 


(«1,«2) = " 
1, <a 2 , 0i) = 


1, <«i,j8i> = 
1, 


B 2 


= c 2 


B 4 


{ai,0i) = 2, 


(«1, 02) = 2, 


02 


A 2 




D 4 


(«1,«2) = " 
2, (oc 2 , 01) = 


2, <ai,j8i> = 
2, 


c 3 




F 4 


<<*!, a 2 > = 1 
<ai,/3 2 > = 1, 


(ai.fii) = 2, 
(a 2 ,/3l) = 2, 



pic type: AT 



°2. fe> 



2«! 
A', 



«1 + 



01 + 



02 



C<1 + 


<*2 




01 


A'l 






A 'l 




Q 2 




20i 


A'l 






A 'l 




<*2 




01 


A'l 


A 'l 




A 'l 


<*i + 


"2 




01 


A 'l 






A 'l 




a 2 




01 + 




A'l 




A 'l 


*1 + 


o 2 




01 + 


A'l 


A 'l 




A 'l 


ai+ 


a 2 




01 + 



01+ 
A 'l 
01 + 

A', 



202 
A\ 



202 
A\ 



02 



A3 

B 2 = C 2 
B 2 = C 2 
B 2 = C 2 
A 2 

B 3 



B 2 = C 2 
C 3 



B 3 

c 3 
c 3 

B 3 
F 4 
F 4 

F 4 

C 3 
Fi 



ai,0i) = 2, (ai, 2 ) = 2, 
K2.fl) = 2, <Q 2 , 02) = 2, 
"1. °2> = -2, (a 2 , 0i) = 

ai,0i) = 2, (a 2 , 0i) = 2, 

ai, 0i) = 2, {a 2 ,0i) = 2, 

ai, a 2 > = -2, <ai, 0l) = 
, (a 2 , 0i) = 2, 

ai,0i) = 2, <o 2 , 0i) = 2, 
a 2 ,02) = 2, 

ai, a 2 > = 2, (ai, 0i) = 2, 

<*1,02) = 2, (c 2 ,0l) = 2, 
o 2 ,02) = 2, 

ai, a 2 > = 2, (ai, 0i) = 2, 

c-1,02) = 2, (02,^!) = 2, 
<*2,02) = 2, 

ai,0l) = 2, (ai, 2 > = 2 , 

ai,a 2 > = 1, (<*l,/3l> = 2, 
°1. fe) = 1. <°2. 0l) = 2, 



>1 + 



Al 



Ai 



2a:i 
Al 



2aj 



3i 

/3l 
A l 

01 + 
Al 

01 + 
Al 

01 
Al 

2/Sj 
Al 

3l + 
Al 

01 + 



01 



02 
Al 



B 2 
A 2 

B 2 
A S 
B 2 
B 2 



C 2 



= c 2 



c 2 
c 2 



B 2 = C 2 
C 3 



"3 
A 3 

B 3 
D 4 



B 3 
B 3 
F 4 

C 3 



>l,0l) 



ai,a 2 > = 
■ (o 2 ,0l) 



2, (a 2 ,0i) = 2 
-2, <ai,j8l> 



<1, 0i) = 2, (ai,0 2 ) 



o>l,0l) 
a 2> 0l) : 
ai, a 2 > 



»l,3l> ^ 

ai,a 2 > 
«1,3 2 > 
a 2l ^2> : 

(«li «2) 



: 2, (c<i,/32> = 

2, <o 2 . /32> = 2 
= -2, <ai, j8i> 



2, <t»2. 3i> = 2, 

2, <ai, 2 > = 2, 

: 1, (ai, 3l> = 2, 
1, <o 2 , /3l> = 2, 
1, 



1, <a 2 , 3i> = 1, 



-1. <«1.jSi> 



D.l.l F 4 two-sided weights without a strongly orthogonal decomposition 

This section lists the only case up to F4 -automorphism in F 4 for which no two-sided weight with strongly orthogonal decom- 
position exists. The second table gives one [- (non-strictly) infinite weight in this case. 

Relation / linked ^-components a f 's, /3 f 's adding £ Non-zero scalar products 

pie type: A-± + Aj 



^7+ = WT 1 

A ± + A ± ' A 1 



e-forra relative to the subalgcbra generated by 6 and the relation 
(g£l) + (+£2+£3) = (£l+£3) + (£l+£2) 



C 3 F 4 (01,02) = 1. ("1.01> 

3 2 > = 2, <a 2 . 0l) 
<o 2 , /3 2 > = 1, 



Corresponding I- (non-strongly ) infinite weight. 



Relation / linked E-componcnts a i' s > adding £ Non-zero scalar products 

generate generates 



6-semiriiinple type: A^+A^ 


X = "A C 3 + A! C 3 + Al 


(ai, a 2 > = -1, (ai, j3i) = 




1, (a 2 ,0l) = !. 


e-form relative to the subalgebra generated by 6 and the relation 




(ei-e 2 ) + ( + e 2 + e 3 ) = (ei+e 3 ) 





D.2 £" 6 : [-strictly infinite weights and corresponding relations 

Number of different non-solvable subalgebras up to g-automorphism such that n n 
C(t ss ) is a nilradical of a parabolic subalgebra of t containing C(t ss ) n f): 2044 
Among them 706 satisfy the cone condition and 1338 do not. 



Relation / linked E- components 



aj's, /3j's adding 
generate Aft) 

generates 



Non-zero scalar products 



«1 + 
A 4 

«1 + 
A 4 



E-scmisimple type: A4 



Pi 

A 4 

01 + 
A 4 



f<2 



A 2 
A3 



(ai,o 2 ) = -1, (ai,/3i) = 

1, <Q 2 ,^l> = 1, 

Pi) = 1. ("l.fc) = 1. 
(o 2 , ffj) = !. (°2. ff2> = !, 



=1 + 


a 2 


A3 




1 + 


a 2 


4 3 


A, 



E- semis i 111 1:1 lc tyi:ic: A3 + Ai 



£1 
a. 



Pi+ 
13+A1 



P2 

A 3 + A t 



A 2 A 5 +A 1 
A 3 E 6 



(oil, 
I, <o 



« 2 > = -1, 
!.01> = 1, 



<ai,01> 



1 = 1> 
= 1, 



*1 + 



"1 + 
A 2 + A 2 ' 

ai + 
A 2 +A 2 ' 



° 2 
a 2 



01 + 
A 2 +A 2 ' 



01 
A 2 + A 2 ' 

01 + 
A 2 +A 2 ' 



02 + 
A2+A2' 



A2 + A2' 



03 
A 2 +A 2 ' 



O4 



A 2 



E 6 



(«1,«3) = 1. 
(c*i,0 2 > = 1, 
(<X2,0l) = 1. 
(a 2 , 3 > = 1. 

(<»i, ° 2 > = - 
1, <a 2 ,0l) = 

(<*1,01> = 1, 
(ao^gl) = 1, 



«1.01> = 1, 
«1.03> = 1, 
a 2 , 2 > = 1, 

, <ai,0i) = 



,02) = 1, 
2 > = 1, 



I'-.-cuiisiinpli! t.ypi.:: A-> - -Ai+Aj 



«1+ 


a 2 




01 


A 2 + A X 


Al' 




A 2 + Ai+Ai' 


01 + 


a 2 




01 + 


A 2 +Aj 


^1 




A 2 +A 1 +A 1 ' 


"1 + 


a 2 




01 


^1 


A 2 




A 2 +A 1 


oi + 


a 2 




01 + 


^1 


Al' 




A 2 +A 1 


oi + 


o 2 




01 + 


Al 


Al' 




A 2 + Ai + Ai ' 



02 

A 2 + A 1 + A 1 ' 



A 2 + A X ' 



A 2 
A3 
A 2 
A3 
A3 



*1,= 2 > = 
<o 2 , Pi) ■ 



,01) 
,01) 



A 5 + A 1 



1, (0,2 



2) = - 
,01) = 



•1,01) = 1, 
•2,01) = 1, 



(<*l,0i> 
l°2, Pi) 



<ai,01> 

'1,02) = 
<*2,02) = 1 

■ (ai, 0l) 

"1,02) = 
"2,02) = 1 

ai,02) = 
o 2 , 02) = 1 



l-scmisimplc type: A 3 



ai + 


OL2 




01 + 
A3 


02 
A3 


A3 


D5 


(ai,/3i> = 1, 
(a 2 ,0l) = 1, 


(ai,0 2 ) = 1, 
(0.2,02) = 1, 


ai + 
A 3 


a 2 




01 
A3 




A 2 


An 


° 2 > = - 
1, <<* 2 ,0l) = 


I, (ai, 0i) = 


"1 + 


a 2 




01 + 


02 


A3 


E 6 


(ai, 0i) = 1, 


(ai, 02) = 1, 


A3 






A3 


A3 






(a 2 , /3l> = 1, 


(o,2,02) = 1, 


-1 + 
A 3 


a 2 




01 
A3 




A 2 


D 5 


(«1,«2) = - 
1, <a 2 ,/3l> = 


1, (<*l,0l) = 


^1 + 


o 2 




01 + 


02 


A3 


Be 


(ai,0i> = 1, 


(at-1,02) = 1, 


A3 


A3 




A3 


A3 






(a 2 , 01) = 1, 


(a 2 ,02) = 1, 



■ - 1 ■ I - 1 . 1 ■ - 4 — 4 1 



01+ 

A 2 + Ai 


«2 




01 
A 2 +A 1 






A 2 


O5 


° 2 > = - 
1, <a 2 , /3i) = 


1, <ai,3l) = 


"1 + 
A 2 


a 2 




01 + 
A 2 +A 1 


02 
A 2 + A 1 




A3 


D 5 


(ai,0i> = 1, 
(a 2 , 0l) = 1, 


(«l,fe) = 1, 
(0.2,02) = 1, 


01 + 
A2+A1 


<* 2 
A 2 




01 + 
A 2 +A X 


02 
A 2 




A3 


E 6 


(0.1,01) = 1, 
(a 2 ,/3i> = 1, 


(o.i.02) = 1, 
(0,2,02) = 1, 


"1 + 
A 2 


a 2 




01 
A 2 






A 2 


A4+A1 


(«1,«2) = - 
1, <a 2 ,^l> = 


1, (ai,/3l) = 


01 + 


a 2 




01 + 
A 2 +A 1 


02 + 
A 2 + A ± 


03 
A 2 


D 4 


E B 


(«1,« 2 ) = 1, 
(ai, 2 ) = 1, 
(a 2 ,/3i> = 1, 
(o.2,03) = 1. 


(«l,fl> = 1, 
<oi,/3 3 > = 1, 
<a 2 , /3 2 > = 1, 


ai + 
A 2 


oj 2 
A 2 




01 + 
A 2 +Ai 


02 + 
A 2 + A ± 


03 
A 2 


D 4 


E B 


(«1,«2) = 1, 
(ai,/3 2 > = 1, 
<c, 2 ,Sl> = 1, 
(a 2 , fl 3 > = 1. 


(ai,01> = 1, 
<»l,ft) = 1, 
(0.2, 02) = 1, 


"1 + 
Ai 


0,2 




01 + 
A 2 +A 1 


02 
A 2 




A 3 


E B 


(ai,0i> = 1, 
(0.2,01) = 1, 


(ai,/3 2 ) = 1, 
(a 2 , 02 ) = 1, 



£»! + 
Al 


"2 
A 2 


= 


01 
A 2 +A t 




A 2 


A 5 


(«l,a 2 ) = - 
1, (o 2 ,fll) = 


1, ("1,01) = 


"1 + 
A 2 +A 1 


Q 2 


= 


01 + 
A 2 +Ai 


02 
A 2 


A3 


E 6 


(ai,3i> = 1, 
(<* 2 , 0i) = 1, 


("1,02) = 1, 
"2, 02) = 1. 


"1 + 


"2 
Al 


= 


01 + 
A 2 +Ai 


02 
A 2 + A 1 


A3 


E & 


(<*1,01> = 1, 
(a 2 ,0l) = 1, 


(<*1,J3 2 > = 1. 
"2, 02) = 1. 


"1 + 
A 2 


a 2 
A 2 




01 + 
A 2 +Ai 


02 
A2 + A1 


A3 


E 6 


(ai,0l) = 1, 
(a 2 ,/3i> = 1, 


("1,02) = 1, 
"2, 02) = !. 


e-somisimpli: typi::: -A ^ — A^+A} 


t>l + 
Al 


a 2 




01 
Al 




A2 


A3+2A1 


(«i, o 2 ) = - 
1, ("2,0l) = 


-, ("l,0l) = 


"1 + 
Al 


"2 
Al' 


= 


01 
A1+A1' 




A 2 


A4+A1 


(ai, a 2 > = - 
1, {"2,01) = 


1, <ai,0l> = 


a 1 +a\^+a 1 " 


Q 2 
Al' 




01 + 
A1+A1' 


02 
Al"+Ai 


A3 


E 6 


(ai.fli) = 1, 
(a 2 ,/3l> = 1, 


("1,02) = 1, 
"2, 02) = 1. 


"1 + 
Al 


"2 
Al' 


= 


01 + 
A1+A1' 


02 
Al"+Ai 


A3 


E e 


(ai,0l) = 1, 
("2 , 01 ) = !■ 


("1,02) = 1, 
"2,02) = 1. 


"1 + 
Al 


"2 
Al' 




01+ 2 
Ai Ai- 




A3 


A 5 +Ai 


(ai, /3i> = 1, 
(a 2 , 3l> = 1, 


("1,02) = 1, 
"2, 02) = 1. 


<*! + 


a 2 


= 


01+ 2 
Ai Ai' 




A3 


A 5 +Ai 


(<*l,Si> = 1, 
("2, 0l) = !. 


(ai,^2> = 1, 
Q 2 ^2) = !> 


"1 + 
Aj+Aj' 


°2 
Al" 


= 


01+ 2 + 
Ai Ai- 


03 
Al" 


D 4 


E 6 


(«b«2) = 1, 
< a l ) ^2) = 
<<*2>/3l> = 1. 
(a 2 , 3 > = 1, 


(«l,/3l> = 1, 
("1, 03) — 1 , 
("2,02) = 1, 


"1 + 
A 1 + A 1 ' + A 1 " 


a 2 


= 


01+ 02 + 
Ai Ai- 


03 
Al" 


D 4 


E 6 


(«b«2) = 1, 
(ai, 2 ) = 1, 
("2,0l) = 1, 
(a 2 ,/3 3 > = 1, 


("1,01) = 1, 
("1,03) = 1. 
(c.2,02) = 1, 


Q l + 
Al 


a 2 
Al 




01 + 
A1+A1' 


02+ 03 
A 1 "+A 1 ' Ai"+Ai 


D 4 


E 6 


(<*l,a 2 ) = 1, 
= 1. 
(<*2 , £l ) — 
(a 2 ,/3 3 > = 1. 


(«l.Pl> = 1. 

<<*i,;33> = 1, 

( a 2>^2) — 


«1 + 
Al 


a 2 
Al' 




01 + 
A1+A1' 


02 
A1 + A1" 


A3 


E 6 


^l) = 
(a 2 ,fli> = 1, 


("1. ^2) = !> 
»2, /32> = 1. 


Ai+Aj' 


"2 
Al" 




01 

Ai+Ai- + Ai" 


A 2 


D 5 


(" 1 i a 2 ) = ~~ 
1, <a 2 , Si) = 


-> ("1 > 01 ) = 


"1 + 
Al 


"2 
Al 




01+ 2 
Ai+Ai- + Ai" Ai+Ai- + Ai" 


A3 


D 5 


( Q b ^l) = 
(a 2 ,/3i> = 1, 


("1, 02) = 1 , 
"2,02) = 1. 


"1 + 
A 1 +A 1 - A 1 


"2 
+Al' 




01+ 02 
Ai+Ai- + Ai" Ai" 


A3 


E 6 


( a l^l) = 

( Q2> 3l> = 1. 


("1, 02) = 1 , 
"2,02) = 1. 


"1 + 
Aj+Aj' 


"2 
Al 


= 


01 + 
A1+A1- + A1 


02 
Ai+Ai- 


A3 


E 6 


(ai,/3i> = 1, 
(a 2 ,Si> = 1, 


("1,02) = 1, 
"2,02) = 1. 


Q l + 
Al 


Q 2 
Al' 




01 + 
A1+A1' 


02 


A3 


A 5 +Ai 


(ai,/Ji> = 1, 
(a 2 .3l> = 1, 


("1,02) = 1, 
"2,02) = 1. 


"1 + 
Al 


"2 
Al ' 


= 


01+ 02 
Ai+Ai- + Ai" Ai" 


A 3 


E e 


0l) = 1, 
(a 2 ,0l) = 1. 


(ai,02> = 1. 
<*2.02> = 1. 


"1 + 
Al 


"2 
Al' 




01+ 02 
Ai+Ai- + Ai" Ai 


A3 


E e 


(ai, fli> = 1, 
(a 2 ,0l) = 1, 


("1,02) = 1, 
"2, 02) = 1. 




2 ai 
Al 




01 + 
A1+A1' 


02+ 03+ 
A 1 "+A 1 ' Ai"+Ai 


« D4 


E 6 


(ai,0l) = 1, 
= 1, 


= 1. 

ai,fi 4 > = 1, 


"1 + 
Al 


Q 2 




01 + 
A1+A1' 


02+ 03 
A1 + A1" 


D 4 


E 6 


(ai,a 2 ) = 1, 
(ai,3 2 > = 1, 
(a 2 ,/3i> = 1, 
(a 2 .03) = 1. 


("1,01) = 1, 
("l.ft) = 1. 
("2,02) = 1. 


"1+ "2 + 
Aj A x ' 


»3 
Ai" 




01+ 02 + 
Ai Ai- 


03 
Al" 


A 5 


E 6 


(ai,/3 2 > = 1, 
<«2 ' ^1 ) = 
(a 3 , /3i> = 1, 


(ai,^ 3 ) = 1, 
<c 2 , /3 3 > = 1, 
»3. /32> = 1, 


6 - s cm i s i in p 1 c type: A 2 


»i+ 


a 2 




01+ 02 
A 2 A 2 




A3 


O5 


(ai,/3i> = 1, 


<°l,/3 2 > = 1. 














(a 2 ,Si> = 1, 


"2, 02) = 1. 


°i + 
a 2 


a 2 




01 
A 2 




A 2 


A 4 


("1. a 2) = - 
1, ("2,01) = 


1, <ai,01> = 


01+ 
a 2 


"2 
A 2 




01+ 02 
A 2 A 2 




A3 


°5 


(«l,0l) = 1, 
(a 2 ,/3i> = 1, 


("l./32> = 1. 
"2,02) = 1. 


°i + 


"2 




01+ 02 + 
A 2 A 2 


03 
A 2 


D 4 


Ee 


(ai, a 2 > = 1, 
(ai, 02) = 1, 
(t>2, /3l> = 1, 
<Q2 > ^3) = 1 < 


(ai,/3l> = 1, 
("l.ftl = 1, 
(c 2 , /3 2 > = 1, 


ai + 
A 2 


"2 
A 2 




01+ 02 + 
A 2 A 2 


03 
A 2 


D 4 


E e 


("1,02) = 1, 
(ai,3 2 > = 1, 
<d 2 ,0i> = 1, 
(c.2,03) = 1, 


(«l./3l> = 1. 
("1,0 3 ) = 1, 
("2,02) = 1. 


"1 + 
A 2 


a 2 




01+ 02 
A 2 A 2 




A3 


D 5 


(ai, 3i> = 1, 
("2,01) = 1. 


(ai,02) = 1, 
"2, 02) = 1. 








t-semisimpl 


a type: A-^-\-A-± 










<*! + 


a 2 




01 + 
A1+A1' 


02 
Al+Ai' 


A3 


D 4 


(ai,0l) = 1, 
(a 2 ,/3l> = 1, 


<ai,/3 2 > = 1. 
a 2 , /3 2 > = 1. 


"1 + 
Al 


"2 




01 
Al 




A 2 


A3+A1 


(a 1 , a 2 ) = - 
1, < = 2.<3l> = 


1, (ai,3i> = 


-1 + 
Al 


a 2 




01 + 
A1+A1' 


02 
Al' 


A3 


05 


<ai,/3i> = 1, 
(a 2 ,Si> = 1, 


("1,02) = 1, 
«2.ft) = 1. 


«1 + 


"2 
Al' 




01+ 02 
Ai Ai- 




A3 


A 5 


(«l,/3i> = 1, 
(<*2.0l) = 1. 


(<*1.02> = 1. 
"2, 02) = 1. 


"1 + 
Al 


"2 
Al 




01 + 
A1+A1' 


02+ 03 
Al' Ai 


D 4 


E e 


(«b«2) = 1, 
(ai,/3 2 > = 1, 
(a 2 , 3l> = 1, 
(02, 33> = 1, 


(ai.Pl) = 1, 
<«1,0 3 > = 1, 
(a 2 ,/32) = 1, 


«1 + 


a 2 




01 + 
A1+A1' 


02+ 03 
Al' Ai 


D 4 


E 6 


(«b«2) = 1, 
(ai,/3 2 > = 1, 
< Q2 ./3l> = 1, 
( Q2> ^3) = 1. 


("1,01) = 1, 
<»i,0 3 > = 1, 
(a 2 , /3 2 > = 1, 


<*! + 
Al 


"2 
Al' 




01 
A1+A1' 




A 2 


A 4 


(ai,o2) = — 
1, ("2,01) = 


1, (ai, /3i) = 


«1 + 
Aj+Ai' 


c*2 




01+ 02 
Ai Ai- 




A3 


A 5 


("1,01) = 1, 
("2,01) = 1, 


(ai,/3 2 > = 1. 
a 2 .fe> = 1. 


«1 + 
A1+A1' 


a 2 




01 
A1+A1' 




A 2 


D 4 


("1, "2) = - 
1, ("2,01) = 


1, <ai,3l) = 


"1 + 
Al 


a 2 




01 + 
A1+A1' 


02 
Al 


A3 


D 5 


("1,01) = 1, 
("2,01) = 1, 


(ai,/9 2 ) = 1. 
"2,02) = 1. 


«1 + 
A1+A1' 


a 2 
Al' 




01 + 
A1+A1' 


02 
Al' 


A3 


D 5 


(<*l,0i> = 1, 
( Q2 ,/3l> = 1, 


(ai,/3 2 ) = 1. 
02. /32> = 1. 


"1 + 
Aj+Ai' 


"2 
Al 




01 + 
A1+A1' 


02 
Al 


A3 


D 5 


("1,01) = 1, 
("2,01) = 1, 


(<»l.fe) = 1. 
"2, 02) = 1, 



<*! + 
A 1 +A 1 ' 


"1+ a 2 
A, A 1 

"2 

■>1+ °2 
A 1 


= 


01 + 
A 1+ A x < 

01 + 
A 1 +A 1 ' 

01 + 
A-t+A-t' 


02 
A 1 +A 1 

02 + 
Al' 

02 


03 
Al 


A3 
D 4 

A3 


D 5 

E e 

Af, 


(<*1,01> = 1, (oi.fe) = 1. 
(a 2 , 0i) = 1, (a 2 ,fi 2 > = 1. 

(«b«2) = 1, (<*1,01> = 1, 
<<*i, 2 > = 1. (<*1,03> = !. 
<<» 2 , 0i> = 1, (<* 2 ,0 2 ) = 1. 
("2. 03 > = !■ 

= 1. (a 1 ,/3 2 ) = 1, 
(o 2 . 01> = 1. (»2. 02> = 1. 












mplc type: 


Al 










<*,+ 

"1 + 
^1 

"1 + 
^1 


c 2 
a 2 
"2 


= 


01 + 02 
Al A\ 

01 

Al 

01+ 02 
Al A, 






A3 
A 2 
A3 


O4 
A3 
D 4 


("1. 01 > = 1. 02> = 1. 
(a 2 . 01> = 1. (»2. 02> = 1. 

(ai,a 2 ) = -1, <oi,0l> = 

1, <Q 2 , 01> = 1, 

01> = 1, (<*1,02> = 1, 
(<*2> 01> = 1. («2.02> = 1. 



D.3 E 7 : t-strictly infinite weights and corresponding relations 

Number of different non-solvable subalgebras up to rj-automorphism such that n n 
C(t ss ) is a nilradical of a parabolic subalgebra of t containing C(t ss ) fl I): 73834 
Among them 7427 satisfy the cone condition and 66407 do not. 



Relation / linked E-componcnts 



generate 



adding 
A(t) 

generates 



Non-zero scalar products 



t-scmisimplc type;: A3 + A3 



2ai 



01 + 
^3 + ^3' 



02 + 
A3 + A 3 - 



03 + 
^3 + ^3' 



04 
^3 + ^*3' 



D4 



(<*1,01> 
("1, 03> : 



Ql,02> = 1. 
"1, 04) = 1. 



E-scmisimplc type: U5 



= 1 + 
Of, 

«1 + 
Of, 



01 

Of, 



01+ 

D 5 



02 
Of, 



A 2 
A3 



E 7 
E 7 



(«2 



2) = - 
,01) = 



■ 01> = 1, 
,01) = h 



(ai,01> 



«1>02> = 1. 
-2. 02> = h 



E-scmisimplc type: A5 



"1+ "2 




01 












«1+ a 2 




01 + 


02 


^5 A 5 




^5 


^5 



A 2 
A3 



1. ("2 



2> = - 
,01) = 



,01) = 1, 
,01) = 1, 



,01) 



*1,02> = 1. 
-2. 02> = 1, 



pie type: A5 



*1 + 



*1 + 
^5 

*1 + 
Af, 



01 + 
1 5 



01 
^5 

01 + 
^5 



02 + 



03 



O4 



A 2 
A3 



(ai,a 2 > = 1 

<°1,02> = 1 
( a2 ,^ n > = 1 
<o, 2 ,/3 3 > = 1, 



(«1, 



<<* 2 



2> = - 
,01) = 



(«1. 01> 
1°2, 01> 



= 1,01) = 
ai, 03> = 
°2,02) = 

, <«l,/>l) 



"1. 02> 
°2, 02> ; 



pie type: Z? 4 + Ai 



»1 + 



= 1 + 
D 4 



e» 2 
a 2 



01 + 
D 4 

01 
D 4 



02 
D 4 



A3 
A 2 



D 6 +A, 
D 6 +A, 



(o 
(o 

(«1, 



,01) = 1, 
,01) = 1, 

2> = - 
,01) = 



(«2 



■1,02> = 1, 
2, 02) = 1, 
(<*l,0l) = 



t-scmisimplc ty r pe: A 4 + Ai 



"1+ 

Al 


Q 2 

A 4 




01 
A 4 + Ai 








A 2 


E 7 


< ai ,a 2 > = - 
1, <°2,01> = 


1, (ai,0i) = 


<*! + 
A 4 + Aj 


a 2 
^1 




01 + 
A 4 + Ai 


02 
A 4 + Ai 






A3 


E 7 


W,01> = 1, 
( a2 ,0l) = 1, 


<ai,3 2 > = 1, 
(a 2 ,02) = 1, 


ai + 
A 4 


"2 
A 4 




01 + 
A 4 + Ai 


02 
A 4 + A, 






A3 


E 7 


W,01> = 1, 
(c.2,01) = 1, 


(ai,3 2 > = 1, 
(a 2 , 3 2 > = 1, 


"1 + 
Al 


a 2 
A 4 




01 + 
A 4 + Ai 


02 
A 4 






A3 


E 7 


<°1,01> = 1, 
<a 2 , ,3,) = 1, 


("1, 02> = 1. 
(cz 2 ,02) = 1. 


ai + 
Al 


a 2 
A 4 




01 
A 4 + Ai 








A 2 


A 7 


(oil a 2> = - 
1, (a 2 ,0i) = 


1, (ai.Pi) = 








t-somi 


simple type: 


^3 + ^2 












ai + 
A 3 + A 2 


o 2 




01 
^3 + ^2 








A 2 


E 7 


(«1,«2) = - 
1, (°2,01> = 


1, (ai,/3i) = 


"1 + 
^3 


a 2 




01 
^3 








A 2 


Af, + A 2 


(«1, °2> = - 
1, (a 2 ,Pi) = 


1, (°l,0l> = 


«1 + 
^3 + ^2 


a 2 




01 + 
^3 + ^2 


02 
A3 + A2 






A3 


E 7 


<°1,01> = 1, 

(ca.P 1 ,) = 1, 


(ai,3 2 > = 1, 
(a 2 , 02> = 1, 


ai + 
A 2 


a 2 




01 + 
A 3 + A 2 


02 
^3 






A 3 


E 7 


< = i,0i> = 1, 

(c.2.01) = 1. 


( ai ,3 2 > = 1, 
(° 2 , 02> = 1. 


-1 + 
A 3 +A 2 


"2 
^3 




01 + 
^3 + ^2 


02 
A3 + A2 






A3 


E 7 


W,0i> = 1, 
(0,2,^!) = 1, 


(ai,3 2 > = 1, 
(o 2 . 02) = 1, 




2ai 




01 + 
A3 + A2 


02 + 
A 3 + A 2 


03 + 
A 3 + A 2 


4 
^3 


O4 


E 7 


<°i,0i> = 1, 

<ai,0 3 > = 1, 


(c.,,/32) = 1, 

!°i,0 4 > = 1, 




2qj 
^3 




01 + 
A3 + A2 


2 + 
A3 + A2 


03 + 
A 3 + A 2 


4 

^3 


D 4 


E 7 


W,01> = 1, 
(01,183) = 1, 


(ai,3 2 > = 1, 

( ai ,/3 4 > = 1, 


ai + 
^3 


Q2 
^3 




01 + 
A3 + A2 


02 + 
A 3 + A 2 


03 
A 3 + A 2 




D 4 


E 7 


<ai,a 2 > = 1, 
<ai,3 2 ) = 1, 
(a 2 ,^i> = 1, 
("2, 03> = 1. 


<ai,01> = 1, 
<o 1 ,/3 3 > = 1, 
(a 2 , p> 2 > = 1, 


"1 + 
^3 


"2 




01 + 
A3 + A2 


02 + 
A 3 + A 2 


03 
A 3 + A 2 




O4 


E 7 


<ai,a 2 > = 1, 
(<Jl,fc) = 1, 
(<»2.^1> = 1, 
<Q2, 03> = 1, 


<ai,3l> = 1, 
(oi, 03> = 1. 
(a 2 ,02) = 1, 


ai + 
^2 


a 2 
^3 




01 
A3 + A2 








A 2 


A 7 


(oi, °2> = - 
1, {0.2, 0l) = 


1, (ai,/3i) = 




2ai 
^3 




01 + 
A3 + A2 


02 + 
A 3 + A 2 


03 + 
A 3 + A 2 


04 


D 4 


E 7 


W,0i> = 1, 

<ai,3 3 ) = 1, 


(ai,3 2 > = 1, 
( ai ,3 4 > = 1, 


"1 + 
A3 


A3 




01 + 
A 3+A 2 


02 
^3 + ^2 






A3 


E 7 


<°1,01> = 1, 
<a 2 , 0i) = 1, 


<ai,0 2 > = 1. 



pie type: A3 + A1+A1 



ai + 
A 3 + A! 

<>! + 
A3+AJ 



01 
A 3 + Ai 

01+ 2 

^3+Ai+A!' A 3 +A 1 +A 1 ' 



Dg + A, (ai.oj) = -1, (aj./Sj) = 

1, (a 2 , Pi) = 1, 

E7 («1, 01> = 1, (01, 02) = 1. 

<<»2, 01> = 1, ("2, 02> = 1, 



*1+ 



Relation / linked t-components 



0i 



0;' b 

generate 



A 2 



adding 
Alt) 

generates 
2A3 + A, 



Non-zero scalar products 



= 2> = 
<=2.01> 



£»! + 

A 3 +A 1 


"2 
Al' 


= 


01 + 
A3 + A, 


02 
Al' 






A 3 


£, 7 


( a liPl) — L t 
(0,2,^1) = 1, 


l°l , 02) — 1 > 
<a 2 , 3 2 > = 1. 


"1 + 
A 3 +A 1 


n 2 
Al' 


= 


01 + 
A3 + A1 + A, 


02 
A3 






^3 


E 7 


<°1.01> = 1, 
(0,2,31) = 1. 


(ai,P 2 ) = 1. 
<Q 2 . 02) = 1. 


a l + 
^1 


Q 2 
^1 




01 + 
A 3 + A 1 + A 1 


02 + 
A 3 + A 1 + A 1 ' 


03 


J3 4 


E 7 


(ci,a 2 > = 1, 
<ai,02> = 1. 


<<*1,01> = 1, 
<C<1,03> = 1. 




















("2 ' 01 ) = l > 


( a 2 > 02 ) = ^1 




















<a 2> 03> = 1. 




»1 + 


OC 2 


= 


01 + 
A3 + Ai 


02 + 
A3 + A1 


03 
Al' 






E 7 


(«b«2) = 1. 
<ai,0 2 > = 1. 
( Q 2 t 01 ) = !> 
<a 2 ,/3 3 ) = 1, 


(ai.^i) = 1, 
<«i,0 3 > = 1, 
( Q 2 > 02) = 


"1 + 
4 3 


Q 2 




01 + 
A3 + A, 


02 
A3 + A, 






A 3 


D 6+Ai 


< a l t 01 ) = !, 

<q 2 , Si) = 1, 


("1 ! 02) = 1 > 
( a2 , /3 2 ) = 1, 


"1 + 
Al 


ot 2 
-4 3 


= 


01 + 
A3 + A1 


02 + 
A3 + A1 


03 
Al' 




n . 
i-*4 


^ i 


( rv 1 on \ — 1 

<ai,0 2 > = 1. 
<q 2 , /3i) = 1, 

<°2. 03> = !. 


\"1 ) PI / — A i 

<ai,P 3 > = 1, 
(a 2 , ^ 2 > = 1. 


"1 + 
^3 + Ai 


"2 
Al' 


= 


01 








A 2 


E 7 


a 2> = - 
1. <"2,01> = 


1, (<*1,01> = 




2oti 
^1 


= 


01+ 

4r.-|- 4,4.1, 


02 + 
A3+A1+A1' 


03+ 04 
^3 


D 4 


E 7 


<°1.01> = 1, 
<ai,j8 3 ) = 1, 


(c*i,02> = 1. 
< ai ,/3 4 > = 1, 


"1 + 
A! 


"2 
A3 




01 

A3 + A, 








A 2 


D 6 +At 


{01, a 2 > = - 
1. (<*2,0l) = 


1, (ai.Pl) = 


"1 + 
"4 3 + ^l 


«2 
^1' 




01 + 
A3 + A, 


02 
A3+A1' 






-4 3 


E 7 


<ai,0l) = 1, 
< Q2 ,3i> = 1, 


(ai,3 2 > = 1. 
<a 2 , 3 2 > = 1. 


"1 + 
A! 


»2 
Al 




01 + 
A3 + A1 


02 
A3 + A1 






-4 3 


D 6 +Ai 


01) = 1, 
<a 2 , 01> = 1, 


(ai, 2 > = 1. 
<Q 2 , 02> = 1, 


e-somisimple typo; A : , -A 1 +A 1 




2qi 




01 + 
A3 + A1 


02 + 
A3 + A1 


03 + 
A3 + A1' 


04 
A 3 +Ai' 


D 4 


E 7 


<ai,0i) = 1, 
<ai,j8 3 ) = 1, 


(ai,02> = 1. 
< ai ,/3 4 > = 1, 


«1 + 
A 1 +A 1 ' 






01 + 
A3 + A, 


02 
A3 + A1' 






-4 3 


E 7 


01) = 1. 
<Q 2 , 01) = 1, 


(ai, 3 2 > = 1, 
<Q2, 02> = 1, 


«1+ a 2 
A3 + A1 A3 + AX' 




01 + 
A3 + A1 


02 
A3 + A1' 






-4 3 


E 7 


<ai,0l) = 1, 
< a 2 > 01 ) = l > 


(ai,0 2 > = 1. 
<q 2 , 3 2 > = 1. 




2oi 
-4 3 




01 + 
A3 + A, 


02 + 
^3 + ^1 


03 + 
■4 3 +^l' 


04 
A3 + A1' 


D 4 


E 7 


(ai.Pl) = 1, 
< a l 1 03? = !> 


("1. 02> = 1, 
04> = 1, 


t-scmisimpli typo _lg A2+A1 


"1 + 


"2 
-42' 




01 

A 2 + A 2 ' + At 








-4 2 


E 7 


(at, a 2 ) = - 
1. <"2,01> = 


1, (ai,0l) = 


"1 + 
^1 


<»2 
-4 2 




01 
A 2 + Ai 








-4 2 


A 5 + A 2 


(at, a 2 ) = - 
1. <°2,01> = 


1, («1,01> = 


"1 + 
A 2 


"2 
A 2 ' 




01 + 
A 2 + A 2 ' 


02 
A2+A2' 






-4 3 


D 6 +A, 


(«1, 0l) = 1, 

<Q 2 , Pi) = 1, 


02> = 1. 
<a 2 , 3 2 > = 1. 


«1 + 
-42 


"2 
^2' 




01 + 
A 2 + A, 


02 
A 2 ' + A, 






A3 


E 7 


<°1,01> = 1, 
<Q 2 .01> = 1. 


(c*i,02> = 1. 
<Q 2 . 02) = 1. 


"1 + 
A 2 + A 2 ' 


»2 
-4 2 




01 + 
A 2 +A 2 ' + A, 


02 

A 2 + A 2 ' + A 1 




-4 3 


E 7 


(ai,0l) = 1, 

<Q 2 .01> = 1. 


(ai,3 2 > = 1. 
<a 2 . 02> = 1. 




2oi 
^1 




01 + 
A 2 + A, 


02 + 
A 2 ' + Ai 


03 + 
A 2 ' + A 2 


04 
A 2 ' + A 2 


D 4 


E 7 


(ai,0l) = 1, 
<ai,0 3 ) = 1, 


(ai,0 2 > = 1. 
< ai ,3 4 > = 1, 


"1 + 
A 2 +A 2 ' 


ot 2 
^1 




01 + 
A 2 + A, 


02 
A 2 +A 2 ' 






^3 


E 7 


<°1,01> = 1, 

<Q 2 .01> = 1, 


<ai,/3 2 > = 1, 

<Q 2 , 3 2 > = 1. 




2oi 
A 2 




01 + 
A2+A1 


02 + 
A 2 ' + A, 


03 + 
A 2 ' + A 2 


04 
A 2 ' + A 2 


D 4 


E 7 


<°1.01> = 1, 

<°1.03> = 1. 


(<*1,02> = 1. 
<°1.04> = 1. 


"1 + 
^1 


"2 
-4 2 




01 + 
A 2 +A, 


02 + 
A 2 +A 2 ' 


03 
A 2 + A 2 ' 




D 4 


E 7 


<ai,a 2 > = 1, 
(ot 1 ,/3 2 > = 1, 
( a2 ,3i> = 1, 
<Q 2 .03> = 1. 


<=1,01> = 1, 
<ot!,^ 3 > = 1, 
(a 2 , 02> = 1. 


"1 + 
A2+A1 


«2 
A 2 ' 




01 + 
A 2 + A 2 ' 


02 + 
A 2 +A 2 ' 


03 
Al 




O4 


E 7 


(<"l."j) = 1. 
<ai,0 2 > = 1. 
(o, 2 ,3i> = 1, 
< Q 2,3 3 > = 1, 


<.<*!, Pi) = 1, 
<o 1 ,/3 3 > = 1, 
(a 2 , P 2 ) = 1, 


"1+ a 2 
A 2 + At A 2 ' + At 




01 + 
A 2 + A 2 ' + A 1 


02 

A 2 +A 2 ' + At 




-4 3 


E 7 


01) = 1. 
< a 2> 0l) = !> 


(oi, 02> = 1, 
<ot2, 02) = !> 


<*1 + 
A2+A1 


a 2 
A 2 




01 + 
A 2 + A 2 ' + Ai 


02 
A 2 +A 2 ' 




-4 3 


E 7 


(ai,0l) = 1, 

<Q 2 .01> = 1, 


(ai,P 2 ) = 1, 
<Q 2 . 02) = 1. 


"1 + 
A 2 


"2 
A 2 ' 




01 + 
A 2 + A 2 ' + Ai 


02 
Al 






>*3 


E 7 


(ai, Pi) = 1, 
( a 2> 01) = !> 


(ai, 2 > = 1. 
(«2, 02) = !> 



(«l,0l) 



• 1 I- ' i A — 4 1 - 4 1 — 4 1 



"1+ "2 
At + At ' A 2 




01 

A 2 +Ai+At' 




A 2 


D 6 +Ai 


(at , a 2 ) = — 
1, (a 2 ,0i) = 


1, (ai.Pi) = 


«1+ a 2 
A 1 + A 1 ' Ai+Aj" 




01 + 
A 2 + A 1 + A 1 ' 


02 

A 2 + A 1 +Ai" 


A3 


E 7 


(ai,0l) = 1, 
<o 2 .01> = 1, 


(ai,3 2 > = 1. 

<Q 2 , P 2 ) = 1. 


"1+ «2 
A 2 A 2 




01 + 
A2 + A1+A1' 


02 

Aa + Aj+A, ' 


A3 


De + Aj 


<ai,01> = 1, 
(Q2.01) = 1, 


(«ltfc) = 1. 
<Q 2 , P 2 ) = 1. 


"1+ =2 
■*!+■*! ' -42 




01 + 
A2 + A1+A1' 


02 

Ap' + Ai" 


A3 


E 7 


= 1, 

<Q 2 . 01> = 1. 


(ai,02> = 1. 
<Q 2 . 02> = 1. 



L' ill i ■ i 11. 1 1 » .1 ■ t \ t )i' 



*1+ a 2 



-1 + 
Aj+Aj' 



A,+A,' 

"1 + 
Aj+Aj' 

= 1 + 
Aj+Aj' 



A,"+A,» 



a 2 

Aj-'+Aj'" 



a 2 

Aj-'+Ai'" 



01 + 
At+A,' 

01 + 
At+Ai' 

01 
At+A,' 

01 + 
Aj+Ap' + A!" 

01 + 
Aj+Aj' 

01 + 
Ai+Ai' + Ai" 



02 + 
Aj+A, ' 

02 
A1+A1' 



03 + 
Ap-'+Ai" 



Ai-'+Aj" 



02 
' + A,» 



+ 4l' 



A^'+Ax" 



02 + 
' + A 1 ""+A 1 ' 



03 



D 4 
^3 
^2 
-4 3 
-4 3 
D 4 



-De + ^i 
-D4+3A1 

D4+3AJ 
E 7 

D 6 +4i 
E 7 



1,01) 


= 1, 


(o>i,P 2 ) = 1, 


1,03) 


= 1, 


ai,04> = 1. 


1.01) 


= 1, 


<ai,j8 2 > = 1. 


2,01) 


= 1, 


02. 02> = 1. 


1, « 2 ) 




L. («1.01> = 



(O2.01) = 

<1,01> = 1. 
"2,01) = 1. 

<1.0l) = 1, 
"2,01) = 1. 

= 1, 
■1,02> = 1. 
•■>., 01 ) = 1, 



■1,02> = 1. 
2. 02> = 1. 

■1.02) = 1. 
2. 02) = 1. 

<1,01> = 1. 
■1,03) = 1. 
* 9 , Pn) = 1, 



simple type: 



"1 + 
D 4 



«2 
a 2 



01 + 
D 4 

01 + 
D 4 



02 
D 4 



D 4 



A3 
-43 



E 7 



0l) = 1. 
<a 2 , ,3,} = 1, 

01) = 1, 
<a 2 , 01) = 1. 



"I, 02> = 1. 
<*2. 02> = 1. 

ai, 02) = 1, 
a 2> 02) = !> 



Relation / linked t-components a i' s ' 0%' s adding Non-zero scalar products 

generate 

generates 



»lt 
r> 4 


a 2 




PI 

r> 4 






A 2 


o 6 


(ai, a 2 > = - 
1, (a 2 ,0l) = 


1, (ai,0i) = 




"2 
D 4 


= 


01 + 02 
£> 4 D4 






A3 


E 7 


0l) = 1, 
(a 2 , 0l) = 1, 


02> = 1. 
<a 2 , 2 > = 1, 








C-sem 


simple type: A 4 












»1 + 
A 4 


a 2 




01 
A 4 






A 2 


E 6 


(ai, a 2 ) = - 
1, (a 2 ,0i) = 


L > ( a l 0l) = 


«1 + 
A 4 


= 2 


= 


01+ 02 
A 4 A 4 






A 3 


E Q 


( a l 1 01 ) = !> 


<«1 , 02> = !. 


















<a 2 , 0!) = 1, 


<a 2 , 2 ) = 1, 


Q1 + 
^4 


«2 
A 4 




01+ 02 
A 4 A 4 






A 3 


E 7 


(«1 . 01 > = 1. 
<a 2 ,01> = 1, 


(ai, 2 > = 1, 
<a 2 , 2 ) = 1, 


= 1 + 
A 4 


Q 2 


= 


01 
A 4 






A 2 


A 6 


{ai, a 2 ) = - 


1, <«l,0l) = 


















1. (<*2.01> = 




Q l + 
A 4 


a 2 




01 + 02 
A 4 A 4 






A3 


E 7 


<°1,01> = 1, 
< = 2.01> = 1. 


(ai,0 2 > = 1, 
<a 2 , 2 > = 1, 


-1 + 


"2 


= 


01+ 2 + 
A 4 A 4 


03 
A 4 




D 4 


E 7 


<ai,a 2 > = 1, 
02) = 1. 
(02,0!) = 1, 

( = 2. 03> = !. 


(ai,0i> = 1, 
(<*!, 3 > = 1, 
(a 2 , 2 > = 1, 


"1 + 


»2 
A 4 




01+ 02 + 
A 4 A 4 


03 
A 4 




D 4 


E 7 


(ai,a 2 > = 1, 
<ai,0 2 > = 1, 
(a 2 ,0!> = 1, 
< a 2> 03) = 


<°1,01> = 1, 
(ai,0 3 > = 1, 
<c 2 , 2 > = 1, 


*-scmisimple type: A3 + A1 


A 3 + Aj 


"2 


= 


01 + 
A 3 + Ai 


02 
A3 




A3 


E 7 


(ai,0i> = 1, 
{ a 2 > 01 ) = 1 > 


(ai,0 2 > = 1, 
(a 2f 02) = !> 


<*i + 
^1 


a 2 


= 


01 + 
A 3 + Ai 


02 
A 3 




^3 


E 7 


(ai,0l) = 1, 
( = 2. 01> = 1. 


(ai,0 2 > = 1, 
(a 2 , 02) = !> 


"1 + 
^1 


a 2 


= 


01 
Al 






A 2 


2A 3 


{ai, a 2 ) = - 
< a 2 1 01 ) = 


1, <°1,01> = 


"1 + 
A 3 + A 1 


a 2 


= 


01+ 02 
A! A 3 






A 3 


A 7 


<°1,01> = 1, 
<° 2 ,01> = 1, 


(<*i,0 2 > = 1, 
<a 2 , 2 > = 1, 


-1 + 


°2 




01+ 02 
A3 A 3 






A 3 


D 6 +Ai 


01> = 1. 
<a 2 ,01> = 1, 


(ai, 2 > = 1, 
<a 2 , 2 ) = 1, 


"1 + 


a 2 


= 


01 






A 2 


A 5 + A x 


(aj, a 2 > = - 


1, («l,0l) = 


^3 






^3 










1, (a 2 , 0i> = 




"1 + 
A 3 + A 1 


a 2 




01 
A 3 + A 4 






A 2 


D 6 


(ai, a 2 ) = - 
1. < = 2,01> = 


L > ( a l 0l) = 


"1 + 
^3 


"2 
^3 


= 


01+ 02 
-43 ^3 






A 3 


D 6 +Ai 


<°1,01> = 1, 
<° 2 ,01> = 1, 


(<*i,0 2 > = 1, 
<a 2 , 02> = 1. 


a l + 
A3+AJ 


a 2 
^3 




01 + 
A 3 + A ± 


02 
^3 




A3 


E 7 


<°1,01> = 1, 
<a 2 ,01> = 1, 


(ai,0 2 > = 1, 
<a 2 , 2 > = 1, 


"1 + 
Al 


a 2 
^3 


= 


01+ 02 
Al A 3 






A3 


A 7 


<°1,01> = 1, 
<a 2 , 01> = 1, 


(<*1,0 2 > = 1, 
<a 2 , 2 > = 1, 


"1 + 
A 3 +A! 


a 2 
^1 


= 


01 + 
A 3 + A 4 


02 
A3 + A1 




A3 


E 7 


<°1,01> = 1, 
<a 2 , 01> = 1, 


(ai,0 2 > = 1, 
<a 2 , 2 > = 1, 


"1 + 
^1 


a 2 
^3 




01 + 
A3 + A1 


02 
^3 




A3 


E 7 


(ai, 0i) = 1, 
<a 2 , 01> = 1, 


02> = 1. 
<a 2 , 2 > = 1, 


"1 + 
^1 


«2 
A 3 


= 


01 
A 3 + A 4 






A 2 


A @ 


(ai, a 2 ) = - 
!> ( Q 2 0l) = 


1, («l,0l) = 


"1 + 
^3 


a 2 


= 


01 + 
A3 + A1 


02 
A3 + A1 




A3 


D 6 


(ai,0l) = 1, 
< a 2 > 01 ) = 


(ai,0 2 > = 1. 
(a 2f 02) = !> 


ai + 
^3 


a 2 


= 


01+ 02 
^3 ^3 






A3 


£>e+Ai 


<ai,01> = 1, 
( = 2. 01> = 1. 


(ai,0 2 > = 1, 
(a 2 , 02) = l > 




2a! 


= 


01 + 
A3 + A1 


02+ 03 + 
A 3 + A 4 A3 


04 
^3 


D 4 


E 7 


(ai,0l) = 1, 
( a l> 03) = !> 


<ai,0 2 > = 1. 
( a l ) 04) = !. 




2a! 
A 3 


= 


01 + 
A 3 + A x 


02+ 03 + 
A 3 + A! A 3 


04 
A 3 


D 4 


E 7 


<ai,0l) = 1, 
03> = !. 


(ai,0 2 > = 1, 
(«1 . 04> = 1. 


"1 + 
^3 


a 2 
^3 


= 


01 + 
A3 + A1 


02+ 03 
A3 + A1 A3 




D 4 


E 7 


(ai,a 2 > = 1, 

{ a l> 02) = l > 
(a 2 ,0!> = 1, 
<a 2 , 3 > = 1, 


W,0i> = 1, 

("1 , 03) = 1 > 
(c 2 , 2 > = 1, 


Q1 + 
Al 


a 2 
^3 


= 


01+ 02 + 
Al A 3 


03 
^3 




D 4 


E 7 


(ai, a 2 > = 1, 
("1- 02> = 1. 
(a 2 ,0!> = 1, 
<a 2 ,0 3 > = 1, 


W,01> = 1, 
<<*1 , 03> = 1 - 
(a 2 ,P 2 ) = 1, 


"1 + 
A 3 + A 4 


a 2 


= 


01+ 02 + 
Al A 3 


03 
^3 




D 4 


E 7 


<*2> = 1, 
( a l ) 02 ) = !> 
(a 2 , 0i> = 1, 

<Q2, 03> = 1. 


(ai,0i> = 1, 
< a l > 03) = 
(a 2 , 2 > = 1, 


Q1 + 
^1 


a 2 
^1 




01 + 
A3 + A1 


02+ 03 
^3 + ^1 A3 




D 4 


E 7 


<ai,a 2 > = 1, 
<ai,0 2 > = 1, 
(a 2 ,0!> = 1, 
<Q2, 03> = 1. 


< = 1,01> = 1, 
<ai,0 3 > = 1, 
(a 2 , 2 > = 1, 


Q1 + 
^3 


a 2 
^3 




01 + 
A 3 + Ai 


02 
A3 + A1 




A3 


E 7 


01) = 1, 
<a 2 , 01> = 1, 


02> = 1, 
<a 2 , 2 > = 1, 


"1 + 
A 3 +Ai 


a 2 
^3 




01+ 02 + 
Al A 3 


03 
^3 




D 4 


E 7 


«2> = 1, 
02) = 1, 
(a 2 , 0i> = 1, 

<Q2, 03> = 1, 


(ai,0i> = 1, 
("1, 03> = 1. 
(c 2 , 2 > = 1, 


Q1 + 
^3 


a 2 
^3 




01 + 
A 3 + Ai 


02 
A3 + A1 




^3 


E e 


<ai,01> = 1, 
<a 2 ,01> = 1, 


(ai,0 2 > = 1. 
<a 2 . 02> = 1, 


"1 + 
A! 


"2 
^3 




01 
A3 + A1 






A 2 


D B 


<ai, a 2 ) = - 
1. <°2,01> = 


1, (°1,01> = 


Q1 + 
^1 


a 2 
^1 




01 + 
A 3 + A 4 


02 
A3 + A1 




^3 


°6 


0l) = 1, 
(02,0!) = 1, 


("1. 02> = 1. 
<a 2 . 02> = 1. 


"1 + 
Al 


a 2 
^3 




01 + 
A 3 + A X 


02 




A3 


A 7 


01> = 1. 
<a 2 , 01) = 1, 


(ai, 2 > = 1, 
<a 2 , 02> = 1, 




2a! 
A! 




01 + 
A3 + A1 


02+ 03 + 
^3 + ^1 ^3 


04 


D 4 


E 7 


<°1,01> = 1, 
(ai,0 3 ) = 1, 


(ai,0 2 > = 1, 
<ai,04> = 1, 


"1 + 
^1 


"2 
A3 




01 + 
A 3 + A 4 


02+ 03 
^3 




D 4 


E 7 


(»b«2) = 1, 
02) = 1, 
(0,2,0!) = 1, 
<a 2 ,0 3 > = 1, 


<ai,0i> = 1, 
<ai,0 3 > = 1, 
(a 2 , 2 > = 1, 


"1 + 
^3 


a 2 




01 + 
A3 + A1 


02+ 03 
^3 + ^1 ^3 




D 4 


E 7 


<ai,a 2 > = 1, 
<ai,0 2 ) = 1, 
(a 2 ,0i> = 1, 
<a 2 ,0 3 > = 1, 


<°1,01> = 1, 
<ai,0 3 > = 1, 
(a 2 , 2 > = 1, 




2a! 
^3 




01 + 
A 3 + A 4 


02+ 03 + 
^3 + ^1 A3 


04 


D 4 


E 7 


<°1,01> = 1, 
("1, 3 > = 1, 


(ai,0 2 > = 1, 
<ai,0 4 > = 1, 







Relation / linked t-componcnts 


a 4 's, 0i'B 


adding 


Non-zero scalar products 












generate 


A(t) 

generates 






A 3 


o 2 
^3 




01+ 

A 3 + A 1 


2 + 03 
A 3 +A 1 


D 4 


E 7 


(ai,o 2 > = 1, 
<ai,0 2 ) = 1, 
( a2 ,01> = 1, 
<a 2 , 3 ) = 1, 


(oi,0i> = 1, 

(0,1,03) = 1. 
(a 2 , 2 > = 1, 


t-scmisimpli.: t.yp<.:: /I3 + A-± 


«1 + 


»2 


= 


01 + 

A 3 + A 1 


2 + 03 
A 3 + A ± A 3 


D 4 


E 7 


<ai,a 2 > = 1. 
<oi,0 2 > = 1, 

(<*2,0l) = 1, 
<a 2 , 3 > = 1, 


(oi,0i> = 1, 
(ai,0 3 > = 1, 
(o 2 . 02) = 1. 


"1+ 


°2 


= 


01 + 02 




A 3 


D 5 + A, 


<ai,0l> = 1, 
<° 2 ,01> = 1, 


(O!,0 2 > = 1, 

<Q 2 , 2 > = 1, 


"1+ 


Q 2 


= 


01 




A 2 


D5 + A1 


<ai,a 2 > = - 


1, <ai, 0i) = 


A 3 






A 3 








1. <"2>01> = 










E-semis 


mplc typo: A 2 + A 2 










"1 + 


o 2 


= 


01 + 
A 2 + A 2 - 


2 + 03 
A 2 +A 2 ' A 2 + A 2 ' 


O4 


E e 


<ai,a 2 > = 1, 
(0,1,02) = 1, 
( a2 ,0!> = 1, 
<a 2 , 3 > = 1, 


(oi,0i> = 1, 
(ai,0 3 > = 1, 
(a 2 . 02) = 1. 


Q l + 
^2 


a 2 




01 
A 2 




A 2 


A 4 + A 2 


(ai,a 2 > = - 
1. (C2>01> = 


1, (01, 0i) = 


Q l + 

A 2 + A 2 ' 


OL 2 




01 + 
A 2 + A 2 - 


02 
A 2 


A3 


E 7 


01> = 1. 
(a 2 ,0i) = 1, 


(ai, 2 > = 1, 

<Q 2 , 2 ) = 1, 




2<x\ 
A 2 


= 


01 + 
A 2 + A 2 - 


2 + 3 + 4 
A 2 + A 2 ' A 2 ' A 2 


D 4 


E 7 


<»1,01> = 1, 
03) = 1. 


(oi,0 2 > = 1, 
(oi,0 4 > = 1, 




2o,i 


= 


01 + 
A 2 + A 2 ' 


2 + 3 + 4 
A 2 +A 2 ' A 2 ' A 2 


D 4 


E 7 


<»1,01> = 1, 
<ai,0 3 ) = 1, 


(oi,0 2 > = 1, 
<ai,0 4 > = 1, 


= 1 + 
A 2 


Ot 2 
A 2 ' 




f>l 
A 2 +A 2 ' 




A 2 


A 6 


<oi,a 2 > = - 
1. (o 2 ,0i) = 


1, (01, 0i) = 


= 1 + 
^2 


a 2 
A 2 ' 


= 


01 + 02 
A 2 A 2 




A3 


A 7 


<»1,01> = 1, 
( a 2 > 01 ) = 


(ai,0 2 > = 1, 
(o 2 , 2 ) = 1, 


"1 + 
A 2 


a 2 
A 2 


= 


01 + 
A 2 + A 2 ' 


02+ 03 
A 2 ' A 2 


D 4 


E 7 


(ai,a 2 > = 1, 
<oi,0 2 > = 1, 
( a2 ,0!> = 1, 
( a 2 > 03 ) — 1 ' 


<oi,0i> = 1, 

(0,1,03) = 1. 

(a 2 , 2 > = 1, 


= 1 + 
^2 


OL 2 

A 2 ' 


= 


01 + 
A 2 + A 2 ' 


02 
A 2 +A 2 ' 


A3 


o e 


<»1,01> = 1, 
<o 2 > 01 ) = !> 


(oi,0 2 > = 1, 
(o 2 , 2 ) = 1, 


"1 + 


a 2 


= 


01 + 
A 2 + A 2 ' 


02+ 03 
A 2 - A 2 


D 4 


E 7 


<ai,a 2 > = 1, 
<ai,0 2 ) = 1, 
( a2 ,0!> = 1, 
( a 2 > 03 ) — 1 ' 


<oi,0i> = 1, 
<o,i,0 3 > = 1, 
(a 2 , 2 > = 1, 


"1 + 
A 2 


a 2 
A 2 


= 


01 + 
A 2 + A 2 ' 


02+ 03 
A 2 +A 2 ' A 2 + A 2 ' 


D 4 


E 7 


(ai,a 2 > = 1, 
("1, 02> = l > 
(c*2,0l) = 1. 
<a 2 , 3 > = 1, 


(oi,0i> = 1, 
(«1 ,03) = 
<o 2 , 2 > = 1, 


»1 + 
^2 


a 2 


= 


01 + 
A 2 +A 2 - 


02 
A 2 


A 3 


E 7 


<»1,01> = 1, 
<a 2 , 0,} = 1, 


(oi,0 2 > = 1, 
<a 2 , 2 ) = 1, 


»1 + 
A 2 


ol 2 


= 


01 + 
A 2 + A 2 - 


02+ 03 
A 2 +A 2 ' A 2 ' 


D 4 


E 7 


(ai,a 2 > = 1, 
(ai,0 2 ) = 1, 

(o 2 . 01> = 1. 
<a 2 , 3 > = 1, 


<ai,0i> = 1, 
(oi,0 3 > = 1, 
(c 2 , 02> = 1, 


Q l + 
^2 


ol 2 




01 + 
A 2 + A 2 - 


02 
A 2 ' 


A3 


E 7 


<ai,01> = 1, 
(a 2 ,0i) = 1, 


(oi,0 2 > = 1, 
<a 2 , 2 > = 1, 


Q l + 
A 2 + A 2 ' 


a 2 




01+ 2 
A 2 A 2 




A3 


A 7 


(ai,0i) = 1, 
<a 2 ,0l) = 1, 


(oi,0 2 > = 1, 
<a 2 , 2 > = 1, 


Q l + 
A 2 +A 2 ' 


a 2 




01 
A 2 +A 2 - 




A 2 


E 6 


( = 1,02) = - 

1. (O2:01> = 


1, (01, 01) = 


Q l + 
A 2 +A 2 ' 


a 2 




01 + 
A 2 + A 2 ' 


02 
A 2 ' 


A3 


E 7 


<°1,01> = 1, 
< Q2 ,0,} = 1, 


(ai,0 2 > = 1, 
<a 2 , 2 ) = 1, 


a l + 
A 2 + A 2 - 


ol 2 
A 2 ' 




01 + 
A 2 + A 2 ' 


02 
A 2 ' 


A3 


E 7 


W,0i> = 1, 

(02,0!) = 1, 


(oi,0 2 > = 1, 
<a 2 , 2 > = 1, 


°1 + 
A 2 +A 2 ' 


a 2 
A 2 




01 + 
A 2 + A 2 ' 


02 
A 2 +A 2 ' 


A3 


E 7 


<ai, 0i) = 1, 

<Q 2 , 01> = 1, 


(01, 2 > = 1, 

<a 2 . 02> = 1. 


Q l + 
A 2 +A 2 ' 


OL 2 




01 + 
A 2 + A 2 ' 


02 
A 2 +A 2 ' 


A3 


E e 


<°1,01> = 1, 
<Q 2 ,01> = 1, 


(oi,0 2 > = 1, 
<a 2 , 2 ) = 1, 


"1 + 
A 2 + A 2 ' 


a 2 
A 2 ' 




01 + 
A 2 +A 2 - 


02 
A 2 +A 2 ' 


A 3 


E 7 


(ai,0i) = 1, 

<Q 2 ,01> = 1, 


(oi,0 2 > = 1, 
<a 2 , 2 ) = 1, 


"1 + 
^2 


Ot 2 
A 2 


= 


01 + 
A 2 + A 2 ' 


02 
A2 + A2' 


A 3 


E 7 


W,01> = 1, 
< Q2 ,01> = 1, 


(ai,0 2 > = 1, 
<a 2 , 2 ) = 1, 


"1 + 
A 2 +A 2 ' 


a 2 
A 2 


= 


01 + 
A 2 + A 2 ' 


02 
A 2 


A3 


E 7 


(ai,0i) = 1, 

<Q 2 ,01> = 1, 


(oi,0 2 > = 1, 
<a 2 , 2 > = 1, 


= 1 + 
^2 


"2 
A 2 ' 




01 + 
A 2 + A 2 ' 


02 


A3 


A 7 


< = 1,01> = 1, 
<Q 2 , 01> = 1, 


(oi,0 2 > = 1, 
<a 2 , 2 > = 1, 


2a! 
A 2 +A 2 ' 


= 


01 + 
A 2 + A 2 ' 


02+ 03+ 04. 
A 2 +A 2 ' A 2 ' A 2 


D 4 


E 7 


0l) = 1. 

( a l > 03 ) = 1 ' 


(01, 2 > = 1, 

{01 , 04) = 1, 


»1 + 
A 2 +A 2 ' 


a 2 
A 2 




01 + 
A 2 + A 2 - 


02+ 03 
A 2 +A 2 ' A 2 


O4 


E 7 


(01,02) = 1, 
(ai,0 2 ) = 1, 
( a2 ,0!> = 1, 
<a 2 , 3 > = 1, 


(ai, 0i> = 1, 
(oi,0 3 > = 1, 
<o 2 , 2 > = 1, 




2ct\ 
A 2 


= 


01 + 
■"2 ^-^2 


02+ 03+ 04 
2 T 2 2T rt 2 


D 4 


E 7 


W,01> = 1, 
<ai,0 3 ) = 1, 


(oi,0 2 > = 1, 
(ai,0 4 > = 1, 


-1 + 
^2 


"2 
A 2 ' 


= 


01+ 

A 2 + A 2 ' 


02+ _ 03 
A2+A2 ' 


D 4 


E 7 


(01,02) = 1, 
<ai,0 2 ) = 1, 
(c 2 , 0!> = 1, 
'■■ M 2 ■ ■ - ' 3 / — 1 > 


(oi,0i> = 1, 
<o,i,0 3 > = 1, 
(a 2 , 2 ) = 1, 








t-semisim 


pie typo: A 2 + A 1 +A 1 












2a\ 




01 + 
A 2 +A 1 


2 + P3+ P4 
A 2 +A 1 ' A x Aj' 


D 4 


E 7 


(01, 0i> = 1, 

(ai,0 3 ) = 1, 


<ai,0 2 > = 1, 
(ai,0 4 > = 1, 


<*1 + 
A 2 


a 2 




01 + 
A 2 +Ax 


02 
A2 + A1 


A3 


5 + A 1 


(»1, 01> = 1. 
(0.2,0!) = 1, 


(oi,0 2 > = 1, 

<Q 2 , 2 ) = 1, 


"1+ 
"*1 


a 2 




01 
Al 




A 2 


A 3 + A 2 + A 1 


(01, a 2 ) = - 
1, <O2,01> = 


1, <oi,0i) = 


"1 + 


a 2 




01 
A 2 + A X 




A 2 


D 5 + Ai 


(01,02) = - 

1, <O2:0l) = 


1, ("I, 01) = 


"1 + 


a 2 




01 + 
A 2 +A ± 


02 
M' 


A3 


E 7 


(oi,0i) = 1, 
<Q 2 , 01) = 1, 


(Ol, 2 > = 1, 

<Q2, 02> = 1, 


«1 + 
A 2 


a 2 




01 + 
A 2 + A ± 


02 
Al 


A3 


D & +A 1 


<oi,0i) = 1, 

<Q 2 ,01> = 1, 


(oi,0 2 > = 1, 
<a 2 , 2 > = 1, 


«1 + 
A 1 +A 1 ' 


Ot 2 




01 + 
A 2 + A 1 


02 
A 2 +Aj' 


A3 


E 7 


(oi,0i) = 1, 

<Q 2 , 01) = 1, 


(01, 2 > = 1, 

<a 2 , 02> = 1, 


«1 + 


a 2 
A 2 




01 + 
A 2 + A ± 


02 


A3 


A 7 


0l) = 1, 
<Q 2 , 01> = 1, 


(01, 2 > = 1, 
(a 2 , 2 > = 1, 



Relation / linked t-componcnts 





2ai 
Al 


— 


01 + 
A 2 +Ai 


02 + 
A 2 +A 1 - 


03 + 
Al 


a i + 
Al 






01 + 
A 2 +A t 


02 + 
A 2 +A 1 ' 


0q 

^3 

Ai 


"1 + 
Al 


Q 2 
A 2 




01 
A 2 +A 1 






ot\ + 
A 2 + A x 






01 + 
A 2 + Ai 


&2 + 
A 2 + Ai 


i S 
A ± < 


"1 + 


a 2 
Al' 


_ 


01 

A 2 + Ai + Ai 






"1 + 
A 2 + A 1 A 


a 2 

2 + Al' 


= 


01 + 
A 2 + Ai + Ai 


02 
A 2 




"1 + 
A 2 +Aj 


a 2 
Al 


= 


01 + 
A 2 + Ai + Ai 


02 
Al+Aj 




a 1 + 
Ai+Aj' 


A2 




01 + 
A 2 + Ai 


Al' A 2 




"1 + 


"2 
Al' 


= 


01+ 02 
Al Ai' 






ai + 
A 2 +Ai 


a 2 
Al' 




01 + 
A 2 + Ai 


02 
Al' 




-1 + 
^1 


a 2 
A 2 


_ 


01 + 
A 2 + Ai 


02+ 03 
Al Ai ' 




a 1 + 
Al 


A2 




01 + 
A 2 + Ai 


02 + 
A 2 + Ai 


Al' 


«1 + 
Al+Aj' 


a 2 


_ 


01+ 02 
Al Ai' 








2a! 


_ 


01 + 
A 2 + Ai 


02 + 
A 2 + Ai 


03 + 
A 2 + Ai 


"1 + 
A 2 +A 1 +A 1 ' 


a 2 




01 + 
A 2 + A, 


02 
A 2 +Ai' 






2ai 
Al 


= 


01 + 
A 2 + Ai 


02 + 
A 2 + Ai 


03 + 
A 2 + Ai 


a 1 + 
Al 






01 + 
A 2 + A, 


2 + 
A 2 + A 1 


0^» 
^3 

A 2 + A 1 


"1 + 
Al 


"2 
Al' 


_ 


01 
Al+Ai' 






"1 + 
Al+Ai' 


a 2 
A 2 


= 


01 

A 2 +A 1 +A 1 < 




"1 + 
Al+Ai' 


<"2 
Al 




01+ 02 
A 2 +Ai + Ai' A 2 + Ai 




"1 + 
Al 


a 2 
A 2 


= 


01 + 
A 2 + Ai + Ai 


02 
Al 




"1 + 
A 2 + Ai 


a 2 




01 + 
A 2 + Ai 


02+ 03 
Al Ai' 




"1+ "2 
A 2 + Ai A 2 +A!' 


_ 


01 + 
A 2 + Ai 


02 
A 2 + Ai' 




"1 + 
A 2 +Ai 


a 2 
A 2 


_ 


01 + 
A 2 + Ai + Ai 


02 
A 2 +Ai' 


"1 + 
A 2 +Ai 


a 2 
Al 


_ 


01 + 
A 2 + Ai 


02 
Al 




-1 + 
A 2 +Aj 


a 2 
Al' 




01 + 
A 2 + Ai + Ai 


02 
A 2 




"1 + 
A 2 +Ai 


a 2 
Al 




01 + 
A 2 + Ai + Ai 


02 

A 2 + A 1 +A 1 ' 


"1 + 
A 2 + Ai+A!' 


a 2 
A 2 




01 + 
A 2 + Ai 


02+ 03 
Al' A 2 




"1 + 
Al 


«2 
A 2 


_ 


01 + 
A 2 + Ai 


02 
A 2 




Q1 + 

A 2 


a 2 
A 2 


= 


01 + 
A 2 + Ai + Ai 


02 

A 2 +A 1 +A 1 ' 


"1 + 
Al 


a 2 
A 2 


_ 


01 + 
A 2 + Ai + Ai 


02 
Al' 




"1 + 
A 2 +A 1 +A 1 ' 


«2 
A 2 


_ 


01 + 
A 2 + Ai 


02 
A 2 + Ai' 




"1 + 
Al 


a 2 
A 2 


_ 


01 + 
Al+Aj' 


02 
A 2 +A 1 ' 




"1 + 
Al+Aj' 


"2 
Al' 


_ 


01 + 
A 2 + Ai + Ai 


02 
A 2 +A 1 ' 


»1 + 
Al 


a 2 
Al' 


_ 


01 + 
A 2 + Ai 


02 
A 2 + Ai' 




"1 + 
Al 


a 2 
Al' 


_ 


01 + 
A 2 + Ai + Ai 


02 
A 2 




"1 + 
Al 


Q 2 
A 2 


_ 


01 + 
Al+Ai' 


02 
A 2 +A 1 




Q1 + 

A 2 


»2 
A 2 


_ 


01 + 
A 2 + Ai 


02 
A 2 + Ai 






2a! 
A 2 




01 + 
A 2 + Ai 


02 + 
A 2 + Ai 


03 + 
A 2 + Ai 


2c*! 
A 2 + Ai 




01 + 
A 2 + Ai 


02 + 
A 2 + Ai 


03 + 
A 2 + Ai 


"1 + 
Aa+Aj 


a 2 
A 2 




01 + 
A 2 + Ai 


02 + 
A 2 + Ai 


03 
A 2 + Ai 


-1 + 
A 2 + Ai 


a 2 
Al' 




01 + 
Al+Ai' 


02 
A 2 





04 
Al 



04 
Al' 



04 
A 1 



04 

Al' 

04 
Al 



generate 


adding 
A(t) 

generates 


Non-zero scalar products 


D 4 


E 7 


(«1 0l) = 1, 
03> = 1. 


<«1. 02> = 
(ai,0 4 > = 


D 4 


E 7 


("1 °2> = 1. 
(ai,/3 2 > = 1, 
(0,2,0! > = 1, 
<a 2 ,03> = 1, 


01> = 
<ci,03) = 
("2 , 02) = 


A 2 


A5+A1 


(ai, a 2 ) = - 
1. <"2,01> = 


1. (°1,01> 


D 4 


E 7 


°2> = 1. 
<ai,0 2 ) = 1, 
(a 2 , 0i> = 1, 
<a 2 ,0 3 > = 1, 


01> = 
<ci,0 3 > = 
<c«2 , 02> = 


A 2 




I°(a2 2 01> = 


1. (<*1.0l) 


A 3 


E 7 


(ai,0l) = 1, 
<a 2 ,01> = 1, 


<ci,02) = 
<a 2 ,02> = 


A 3 


E 7 


("1 01> = 1. 
<a 2 ,01> = 1, 


02> = 
<a 2 ,02> = 


D 4 


E 7 


(ai, a 2 > = 1. 
(ai,0 2 ) = 1, 
(a 2 , 0i> = 1, 
<a 2 ,03> = 1, 


01> = 
<<»1,03> = 
<a 2 , 02> = 


A 3 


A 5 + A 2 


<ai,01> = 1, 
<a 2 ,01> = 1, 


(<*1,02> = 
<°2.02> = 


A 3 




01> = 1. 
<a 2 , 0i) = 1, 


("1 02) = 
<°2, 02> = 


D 4 


E 7 


<ai,a 2 > = 1. 
(ai,0 2 ) = 1, 
("2> 01> = 1 > 
( = 2. 03> = !. 


<ai,01> = 
<ci,0 3 > = 
(a 2 , 2 > = 


D 4 


E 7 


(ai, a 2 > = 1, 

<ai,0 2 > = 1. 
(a 2 , /3i) = 1, 
<a 2 ,0 3 > = 1, 


("1 01> = 
<ci,0 3 > = 
(c 2 , 2 > = 


A 3 


A 5 + A 2 


( ai , 0! > = 1, 
<a 2 ,01> = 1, 


(01, 2 > = 
<<*2.02> = 


D 4 


E 7 


0l) = 1, 
<ai,0 3 ) = 1, 


(Ol, 02> = 
W,04> = 


A 3 


E7 


(ai, /3i) = 1, 
( a 2i 01) = !> 


(ai, 2 > = 
{a 2 , 2 ) = 


D 4 


E 7 


("1. 0l) = !. 
(ai,0 3 ) = 1, 


(ai, 2 > = 
< = 1,0 4 ) = 


D 4 


E 7 


<*2> = 1, 
02) = 1, 
(a 2 , 01> = 1, 
(a 2 ,0 3 > = 1, 


01> = 
<ci,03> = 
{a 2 , 02 ) = 


A 2 


A 4 + A 2 


I°(a2 2 01> = 


1, (<*i,0i) 


A 2 


o 6 


(c«i , a 2 } = — 
1, (a 2 ,0i) = 


1, (01 1 , 0i ) 


A 3 


E 7 


<°l,0i> = 1, 
<a 2 ,01> = 1, 


(ci,02) = 
<°2.02> = 


A 3 


E 7 


("1 01> = 1. 
<a 2 ,01> = 1, 


("1 02) = 
<a 2 ,02> = 


D 4 


E 7 


(ai, a 2 > = 1, 
= 1, 

(a 2 , 0i> = 1, 
<a 2 ,0 3 > = 1, 


("1 01> = 
(«1 , 03> = 
{a 2 , 2 ) = 


A 3 


E 7 


(a 1 , 3i ) = 1, 
<a 2 , ,3,) = 1, 


(oi , 2 ) = 
<a 2 , 02> = 


A 3 


E 7 


(ai, 0i> = 1, 
<a 2 ,01> = 1, 


(01, 2 > = 
<°2.02> = 


A 3 


De+Aj 


< Q1 , 0! > = 1, 
<a 2 ,01> = 1, 


(ai, 2 > = 
<°2.02> = 


A 3 


E 7 


<°1,01> = 1, 
<a 2 ,01> = 1, 


<ci,02> = 
<a 2 ,02> = 


A 3 


E e 


01> = 1. 
<a 2 ,01> = 1, 


("1, 02> = 
<°2.02> = 


D 4 


E 7 


(ai, a 2 ) = 1, 
<ai,0 2 ) = 1, 
(a 2 , 0i> = 1, 
<a 2 ,0 3 > = 1, 


(ai, 0i> = 
<ci,0 3 > = 
<0! 2 , 02> = 


A 3 




(ai, 0i> = 1, 
<a 2 ,01> = 1, 


(01, 2 > = 
<°2.02> = 


A 3 


o 6 


(Ol, 0i> = 1, 
<a 2 ,01> = 1, 


(ai, 2 > = 
<a 2 ,02> = 


A 3 


E 7 


(ol /3i> = 1, 
<a 2 ,01> = 1, 


2 > = 
<°2.02> = 


A 3 


E 7 


<«! , B-i) = 1, 
< a 2 > 01 ) = !> 


(01, 2 > = 
<°2.02> = 


A 3 


E 7 


(Ol , 0i) = 1, 
(aa,^!) = 1, 


(ai , 2 > = 
<a 2 , 02> = 


A 3 


E 7 


(«! , B-i) = 1, 
<a 2 ,01> = 1, 


(ai, 2 > = 
<°2.02> = 


A 3 


Ee 


<£*!, 0i> = 1, 
<a 2 ,01> = 1, 


2 > = 
<a 2 .02> = 


A 3 


E e 


(ai , 01 > = 1, 
<o 2 ,,3l> = 1, 


(01, 2 > = 
<°2.02> = 


A 3 


E 7 


<£*!, 0i> = 1, 
< Q2 .01> = 1. 


(01, 2 > = 
<°2.02> = 


A 3 


De+Aj 


(O! , 0i > = 1, 
< Q2 ,0i> = 1, 


(01, 2 > = 
<a 2 , 02) = 


D 4 


E 7 


(ai, 0i) = 1, 
03> = !. 


(ai, 2 > = 
04> = 


D 4 


E 7 


(ai, 0i) = 1, 
<oi,03> = 1, 


("1, 02> = 
W.04> = 


D 4 


E 7 


(ai, a 2 > = 1, 
<ai,0 2 ) = 1, 
( a2 ,0i> = 1, 
<Q2,03> = 1, 


01> = 
(<*1,03> = 
(oc 2 , 2 > = 


A 3 


A 7 


<°1,01> = 1, 
<o 2 .01> = 1. 


(ci,02) = 
<"2,02> = 



Relation / linked t-componcnts a i' s ' P%' s adding Non-zero scalar products 

generate A(t) 

generates 



»1+ 

A 2 +Aj 


a 2 
A 2 + A! 


= 


01 + 
A 2 +A 1 +A 1 


02 + 
A2 + AJ + AJ' 


03 
-42 




r> 4 


E 7 


(ai, a 2 ) 

<O1,0 2 ) 

<°2.03> 


= 1, 
= 1, 
= 1) 
= 1, 


<«1 . Pi 

<«1.^3> 
(a 2 , /3 2 ) 


= 1, 
= 1, 
= 1. 


-1 + 

M 


a 2 
^1 


_ 


01 + 
A 2 +A 1 +A 1 


02 + 
A 2 + A} + A} ' 


03 
-42 




D 4 


E-j 


<°l!02> 
<o 2 ,01> 
<£»2,03> 


= 1, 
= 1, 
= 1, 
= 1, 


("1 . Pi 

( a l , 03) 
<a 2 . /3 2 ) 


= 1, 
= 1, 
= 1, 


2a 1 
A 1 +A 1 - 




01 + 
A 2 +A 1 


02+ 03 + 
A 2 +A 1 - A 1 


04 
-4l' 




-D 4 


E 7 


(c*l,03> 


= 1, 
= 1, 




= 1, 
= 1, 


A 1 +A 1 ' 


A 2 +A X 


= 


01 + 
A 2 +A 1 


02+ 03 
A X ' Aj 






D 4 


E 7 


(ai, a 2 ) 

<°1.02> 
(q 2 , ) 

< = 2.03> 


= 1, 
= 1, 
= 1, 
= 1, 


(ai,j8i 
(a 2 , /3 2 ) 


= 1, 
= 1, 
= 1. 


«i + 
A 1 +A 1 - 


^' 


= 


01 + 
A 2 +A 1 


02+ 03 
A 2 +Aj' A x 






D 4 


E 7 


(ai, a 2 ) 
<oi,0 2 > 

(»2> 03> 


= 1, 
= 1, 
= 1, 
= 1, 


(c.1,01 
< a l > 03 


= 1, 
= 1, 
= 1. 


«1 + 




_ 


01 + 
A 2 +A 1 


02+ 03 

Ay A 2 






D 4 


Ev 


(«b 02> 
<o 2 ,01> 
<O2,03> 


= 1, 
= 1, 
= 1, 
= 1, 


(a± . 0i 

<«1,0 3 > 
<a2,02> 


= 1. 

= 1, 
= 1, 




2a 1 


= 


01 + 
A 2 +A 1 


2 + 03 + 
A 2 + A^ A 2 + A!' 


04 
-4l 




D 4 


B 7 


(ai,01> 
(ai,03> 


= 1, 
= 1, 


<«1,02> 
(ai,04> 


= 1, 
= 1, 




2a 1 




01 + 
A 1 +A 1 - 


2 + 03 + 
Aa+Aj' A 2 +A 1 


04 
A 2 




D 4 




(evi . /3i ) 
(ai,03> 


= 1, 
= 1, 


( Q1 , p 2 ) 
(ai,04> 


= 1, 
= 1, 


«i + 
-4l 


A 


_ 


01 + 
A 1 +A 1 - 


02+ 03 
A 2 +Ai' A 2 






D 4 




(°l!02> 
<"2.01> 
<°2.03> 


= l, 
= 1> 
= 1. 
= 1, 


(ai , 0i 
<«1,0 3 ) 
(°2,02) 


= 1. 

= 1, 
= 1, 




2cx 1 
A 2 




01+ 

A 2 + A ± 


2 + 03 + 
A 2 + A ± ' A 2 + A ± ' 


04 
-4l 




D 4 


E-7 


( aji ) 
<ai,03> 


= l, 
= 1> 


(at , 02 ) 
<ai,04> 


= 1. 

= 1> 


«1 + 
^2 + A l 


a 2 
A 2 


= 


01 + 
A 1 +A 1 - 


02+ 03 
A 2 + A x ' A 2 








D 7 


( a l ' a 2 / 
<ai,02> 
(a 2 , 01> 
(=2. 03> 


= 1) 
= 1> 
= 1> 
= 1> 


(r, 1 B-i 
\(x 1 , pi 

<<*1,03> 
("2 , 02) 


= 1 
= 1, 
= 1, 




2ci 




01 + 


02+ 03 + 


04 






Et 


( a l > 01 ) 
<ai,03> 


= 1) 
= 1> 


(oti , 2 ) 
<ai,04> 


= 1. 




A i 




A 2 + A ± 


A 2 +A x ' A 2 +A!' 


-4l 




D 4 


7 


= 1> 


»1 + 
A 1 


a 2 
A 1 ' 


_ 


01 + 

A 2 + A 1 


02+ 03 
A 2 +A 1 < A 2 






D 4 


^7 


(ai!02> 
<<»2,01> 
<°2.03> 


= 1> 
= 1> 
= 1> 
= 1. 


( a l 1 01 
("1 . 03> 
(«2 > 02) 


= 1, 
= 1, 
= 1, 


"1 + 
^1 


"2 
^1 


= 


01 + 
A 2 + A 1 


02 
A 2 + Aj^ 






A 3 


^e+^i 


<ai,0l) 
<°2. 01 > 


= 1> 
= 1. 


(«1,0 2 ) 
<°2.02> 


= 1, 
= 1> 


£»! + 
A 2 +A 1 


°2 
-4l' 


= 


01 + 


02 
Aj ' 






A3 


-4 7 


01> 
<°2. 01> 


= 1> 
= 1> 


("1. 02) 
("2, 02) 


= 1, 
= 1> 


°1 + 
• A l+- A l' 


a 2 
4 2 + A x ' 


= 


01 + 
2. ' 1 ' 1. 


02 
A 1 ' 






A 3 


E 7 


< = 1,01> 
<°2.01> 


= 1. 
= 1> 


(<*1>02) 
<a 2 .02> 


= 1, 
= 1> 


"1 + 
-4l+Ai' 


a 2 
A 2 + A 1 


= 


0i + 

4o-l.4i -\-Ai 


02 

A2+Al 






A3 


E 7 


<°1,01> 
<°2.01> 


= 1> 
= 1> 


(°1,02) 
<a 2 .02> 


= 1, 
= 1> 


"1 + 
A 2 +A 1 


"2 
-4 2 


= 


01 + 

A 2 + Ai + Ai 


02 
A 2 +A^ 






A3 


E 7 


<°1,01> 
<a 2 .01> 


= 1> 
= 1. 


<ai,0 2 ) 
<°2.02) 


= 1, 
= 1. 


"1 + 


a 2 
-4l 


= 


01 + 


02 
A 2 + 






A3 


E 7 


W,01> 
<a 2 .01> 


= 1> 
= 1. 


(<*1,02) 
<a 2 .02> 


= 1, 
= 1> 


ai + 
A 2 +Ai 


"2 
-4 2 


= 


01+ 

A 2 + A! 


02 
A 2 






A3 


D B +A 1 


<=1,01> 
<°2.01> 


= 1, 
= 1> 


(ai,02) 
(«2, 02) 


= 1, 
= 1> 


"1 + 
A 2 +Ai 


a 2 


= 


01 + 
A 2 + A! 


02 
A 2 + Ai' 






An 
- l d 


Et 

cj 7 


i a l 0l) 
<°2. 01> 


= 1> 
= 1> 


< a l 02) 
("2, 02) 


= 1. 
= 1> 


"1+ "2 
A 2 + A x A 2 + A x ' 


= 


01 + 
A 2 + Ai 


02+ 03 
Al' A 2 






D 4 


E 7 


{"b a 2> 
(eti, 2 ) 


= 1> 


( = 1,01 
(on 81) 


= 1, 
= 1. 




















<"2,01> 


= 1> 


(a 2 ,0 2 ) 


= 1, 




















<°2.03> 


= 1> 






A 2 + A x A x ' 


a 3 
A 2 




01 + 
A2 + A1 


02+ 03 
Al' A 2 






<*S 


E 7 


(ai,0l) 
<<*2,02> 
<a 3 .01> 


= 1> 
= 1. 
= 1> 


(ai,0 3 ) 
<<*2.03) 
<a 3 .02> 


= 1, 
= 1, 
= 1> 


"1 + 
A 2 +Ai 


a 2 


= 


01 + 


02 






^3 


E 7 


<°1,01> 
<°2.01> 


= 1> 
= 1> 


( = 1,02) 
<a 2 .02> 


= 1, 
= 1> 




2 Q1 
A 2 + Ai 


= 


0i + 

A 2 + A 1 + A 1 


02 + 
Aa+Aj+Aj' 


03 + 
A 2 


04 


D 4 


E 7 


<°1,01> 
<°1,03> 


= 1> 
= 1. 


<ai,0 2 ) 
<ai,04> 


= 1, 
= 1. 




2ai 
A! 




01 + 
A 2 + A 1 + A 1 


02 + 
A 2 +A 1 +A 1 ' 


03 + 
-4 2 


04 


D 4 


Et 
^7 


(ai, 0i) 
(ai,03> 


= 1) 
= 1> 


(ai , &2 ) 
(ai,04> 


= 1. 
= 1> 


ai + 
A 2 +Ai 


"2 
-4l 


_ 


01 + 
Aa + Ai + A! 


02 + 
Aa+Aj+Aj' 


03 




D 4 


Ei 


(°l!02> 
<"2,01> 
<°2.03> 


= 1> 
= 1> 
= 1. 
= 1> 


(a 1 , 81 

<<*i,0 3 ) 

(a 2 ,02> 


= 1. 

= 1, 
= 1, 




2 ai 
A 2 + A ± 




01 + 
A 1 +A 1 - 


02+ 03 + 
A 2 + A x ' A 2 + A t 


04 




D 4 


T 


(ai, 0i) 
<ai,03> 


= l ; 
= 1> 


(c*i , 82) 
<«l,/3 4 > 


= 1. 
= 1> 


"1 + 
A 2 +Ai 


a 2 
Al 


_ 


01 + 
Ai+Aj' 


02+ 03 
- A 2 + - A l' A 2 + A! 






D 4 


^7 


{ai , /32 ) 
("2, 03> 


= 1) 
= 1> 
= 1> 
= 1. 


( a l ) Pi 
(on 81) 


= 1. 
= 1. 
= 1. 


«1+ "2 
A 2 + A t A 2 + A x ' 


_ 


01 + 
A 2 + Ai 


02+ 03 
A 2 + A!' A 2 






D 4 


E-7 

^7 


(ai!02> 


= 1) 
= 1> 


( a l ) Pi 
<<*1,0 3 > 


= 1. 
= 1, 




















<<»2,01> 


= 1> 


<a 2) /3 2 ) 


= 1, 




















<°2.03> 


= 1. 






"1 + 
-4l 


a 2 
A\ ' 




01 + 
A 1 +A 1 - 


02 






- M 




( Q ll ^1 / 

<a 2 .0i) 


= 1. 


( a 1 ) P 2 ) 


= 1> 


"1 + 
A 2 +Ai 


£*2 
-4l' 


= 


01 + 
Aj+Aj' 


02+ 03 
-4 2 






D 4 


E 7 


< a b a 2> 

(a 2 , /3i ) 
("2^3) 


= 1> 
= 1> 
= 1> 
= 1> 


(«l,/3 3 ) 
(a 2 , /3 2 ) 


= 1, 
= 1, 
= 1. 


»1 + 
^1 




= 


01 + 
A 2 + A 1 + A 1 


02+ 03 
A 2 






D 4 


E 7 


< a b a 2> 
(«1,^ 2 ) 
<a 2 .^i> 
<a 2 .j83) 


= 1> 
= 1> 
= 1> 
= 1> 


<ai,/3 3 ) 
(« 2 , /3 2 ) 


= 1, 
= 1, 
= 1, 








E-semi^iinple 


type: Aj+Zlj+Aj + Aj 


















= 1 + 
Aj+Aj' + A]/ 


a 2 


= 


0i + 

A 1 +A 1 ' 


02 
Al" 






A3 


Eg 4- A 1 


(aj, f3 1 ) 


= 1> 
= 1> 


(ai , /3 2 ) 
(a 2 , P2) 


= 1, 
= 1> 


ai + 
Ai+Ai' + Ai' 


«2 


= 


01 + 
A1+A1' 


02+ 03 
A!"+Ai' Ai'" 






D 4 


E 7 


( a b a 2> 
<a 2 ,^i> 


= 1> 
= 1> 
= 1> 


(ai.^i 
< a 2 » £2) 


= 1, 
= 1, 
= 1, 








01 












( a 2 > ^3 ) 


= 1> 






"1+ °2 










A 2 


A3+3A1 


(«b a 2> 




1, (ai,0i) = 


- "1 






A! 












1, <a 2 , = 











Relation / linked t-corapononts 








adding 


Non-zero 


scalar products 
















generate 


A(t) 

generates 








"1+ 

Al 


"2 




01 + 
Al+Ai' 


02+ 03 
Ai+Ai' Ai" 






D 4 


De+Ai 


(°b a 2> 

<«2,£l> 
< a 2> /%> 


= 1> 
= 1. 
= 1> 
= 1. 


<«l,£l> = 1, 
<ai,^ 3 > = 1, 
<a 2 , /3 2 > = 1, 


"1+ 

A 1 +A 1 ' 


«2 


= 


01 + 
A 1 +A 1 - 


02 

Ai"+Ai' 






A 3 


D 6 +Ai 


<«l,£l> 
<«2>£l) 


= 1> 
= 1. 


( Q1 ,/3 2 ) = 1, 
<a 2 , 2 ) = 1. 


"1 + 
A l+ A l' 


Al" 




01 + 
A 1 +A 1 - 


02+ 03 
Ai"+Ai Ai'" 






D 4 


E 7 


(«1 > <*2> 
<«1,£ 2 ) 

< a 2 > ) 


= 1> 
= 1> 
= 1> 
= 1> 


<ai,0i> = 1, 
( ai ,0 3 ) = 1, 
(a 2 , 02) = 1 > 




2 Q1 


— 


01 + 
A 1 +A 1 - 


02+ 03 + 
Ai+Ai' Ai" 


04 
Al" 




D 4 


^6+Al 


< a l > fil > 
(°b /%> 


= 1) 
= 1> 


(<*1,02) = 1. 
<ai,j8 4 > = 1, 


■1 + 


Q 2 




01 + 02 
Al Ai 








A 3 


D 4 +3Ai 


<«1.01> 


= 1, 


("1- 02) = !> 


















( Q 2 1 ^1 / 


= 1> 


( a2 , 02) = 1. 


■1 + 


"2 




01 + 

Al+Ai' 


02 
Al+Aj' 






A 3 


D 4 +2Ai 


<°i,0i> 

<°2,01> 


= 1> 
= 1> 


(ai, 2 ) = 1. 
(a 2 , 2 ) = 1, 


«1 + 


"2 




01 
A 1 +A 1 - 








A 2 


D 4 +2Ai 


{«!, a 2 ) = - 
1, (<*2.01> = 


1, (a lt (3 1 ) = 


»! + 

Al+A x ' 


"2 




01 + 

Al+Ai' 


02 
Al+Ai" 






A 3 


D 6 +Ai 


< = 1,01> 
<°2.01> 


= 1> 
= 1> 


(a 1 ,0 2 ) = 1, 
<c* 2 , 02) = 1, 


"1 + 
Al 


"2 
Al 




01+ 02 
Al Ai 








A 3 


D 4 +3Ai 


(«1. 01> 
<°2. 01> 


= 1. 
= 1> 


(ai, 2 ) = 1. 
<a 2 , 2 ) = 1, 


»1 + 
Al+Ai' 


a 2 
Al" 




01 + 
Al+Ai' 


02 
Al" 






A 3 


D 6 +Ai 


<»1,01> 
<Q 2 .01> 


= 1> 
= 1> 


(«1> 02) = 1. 
( a2 ,0 2 ) = 1. 




2-1 
Al 




01 + 
Al+Ai' 


02+ 03 + 
Ai+Ai' Ai" 


04 

Al" 




D 4 


De+Al 


<»1,01> 
<"1,03> 


= 1> 
= 1, 


(ai, 2 ) = 1. 

= i. 


"1 + 
Al+Ai' 


a 2 
Al" 


= 


01 

Ai+Ai' + Ai 








A 2 


D5+A1 


(«1, «2> = - 
1, <°2,01> = 


1, (ai,/3i) = 


C1 + 

.1 1 A ' 1 A " A 


a 2 

+ Ai"' 




01 + 
Al+Ai' 


02+ 03 
Ai+Ai" Ai'" 






D 4 


E 7 


{ a l> a 2> 
<ai,02> 
<e»2. 01> 
(=2. 03> 


= 1> 
= 1> 
= 1> 
= 1> 


<ai,^i) = 1, 
<c*l,03> = 1, 
(a 2 , 02) = 1: 


"1 + 
Al+A x ' 


"2 




01 + 
Al+Ai' 


02 
Ai"+Ai 






A 3 


Dg+Ai 


<ori. 01) 
<°2, 01> 


= 1> 
= 1. 


(cc 1 ,02) = 1, 
< a2 , /3 2 > = 1, 


»1 + 
Al+Ai' 


"2 
Al" 




01 + 
Ai+Ai' + Ai 


02 

Ai»+Ai'" 






A 3 


E 7 


<»1,01> 
<°2.01> 


= 1> 
= 1. 


(ai, 2 ) = 1. 
(cx 2 , 2 ) = 1, 


"1 + 
Al 


"2 
Al 


= 


01 + 
Ai+Ai' + Ai 


02 

Ai+Ai' + Ai" 






A 3 


D5+A1 


<ai,01> 
(a 2 , 01 ) 


= 1. 
= 1> 


{oc-1,02) = 1, 
<c* 2 , 02) = 1, 


"1 + 

~T A 1 -^1 


^2 

+Ai"' 




01 + 
Al+Ai' 


02+ 03 
Ai"+Ai Ai'" 






D 4 


E 7 


{ a l> a 2> 
<ai,02> 
(»2» 01> 


= 1> 
= 1> 
= 1> 
= 1> 


<«l.01> = 1. 
( Q1 ,/3 3 ) = 1, 

(a 2 , 02) = 1. 


A 1 +A 1 '+A 1 " 


"2 




01 + 
Al+Ai' 


02+ 03 
Ai+Ai" Ai'" 






D 4 


E 7 


( a l> a 2> 
(ai , 2 ) 
<"2,01> 
<°2.03> 


= 1> 
= 1> 
= 1> 
= 1> 


<«1^1> = 1, 
(ai,^ 3 ) = 1, 
(a 2 , 02) = 1 > 


"1 + 

Ai+Ai'+Ai" A x ' 


^2 

' + Ai» 




01 + 
A 1 +A 1 ' + A 1 


02 

Ai'" + Ai» 






A 3 


E 7 


<»1,01> 
<°2.01> 


= 1> 
= 1> 


(<x 1 ,0 2 ) = 1, 
<c* 2 , 2 ) = 1, 


"1+ "2 
A 1 + A 1 ' Aj+Aj" 




01 + 
Al+Ai' 


02 
Al+Aj" 






A 3 


D 6 +Ai 


<»1,01> 
(=2. 01> 


= 1> 
= 1> 


(ai, 2 ) = 1. 
{a 2 , 2 ) = 1, 


"1+ "2 
Aj+Aj' A 1 +A 1 " 




01 + 
Ai+Ai' + Ai 


02 

Ai+Ai'+Ai'" 






A 3 


E 7 


(«1. 01> 
<e»2. 01> 


= 1> 
= 1> 


(ai, 2 ) = 1, 
(a 2 , 2 ) = 1, 


»1 + 
Al+Ai' 


a 2 
Al" 




01 + 
Ai+Ai' + Ai 


02 

Ai'+Ai'" 






A 3 


E 7 


i a l > 01 ) 
(a 2 , 01 ) 


= 1> 
= 1> 


(ai, 2 ) = 1, 
<c* 2 , 02) = 1, 


"1 + 
Al + A 1 ' + A 1 " 


"2 
Al 




01 + 
Ai+Ai' + Ai 


02 

Ai+Ai'+Ai'" 






A 3 


E 7 


W,01> 
<°2.01> 


= 1> 
= 1> 


(ai, 2 ) = 1. 
{a 2 , 02) = 1, 


»1 + 
Al+Ai' 


a 2 
Al" 




01 + 
Ai+Ai' + Ai 


02 






A 3 


D 6 +Ai 


<°1,01> 
<°2.01> 


= 1> 
= 1> 


(ai, 2 ) = 1, 
(c.2,02) = 1. 


"1 + 
Al+Ai' 


"2 
Al" 


= 


01 + 
Ai+Ai' + Ai 


02 

Ai'"+Ai" 






A 3 


E 7 


<»1,01> 
<a 2 .01> 


= 1> 
= 1> 


(ai, 2 > = 1. 
{c 2 , /3 2 ) = 1, 


"1 + 
Al+Ai' 


"2 
Al" 




01 + 
Ai+Ai' + Ai 


02+ 03 
Ai'+Ai'" 






D 4 


E 7 


( a l> a 2> 
(«1. 02> 
<o 2 , 01> 
<°2.03> 


= 1> 
= 1> 
= 1> 
= 1. 


(ai,^i> = 1, 
(« lf /3 3 ) = 1, 
(a 2 , /3 2 ) = 1, 


"1+ "2 
Ai+Aj' Aj+Ai' 




01 + 
Ai+Ai' + Ai 


02 + 
Ai+Ai'+Ai'" 


Al 


03 

"+Ai" 


D 4 


E 7 


{ a l> a 2> 
<<*1,02> 


= 1> 
= 1> 


<ai,0i> = 1, 
( ai ,^ 3 ) = 1, 




















<"2,01> 


= 1> 


(a 2 , /3 2 ) = 1 7 




















<°2.03> 


= 1> 




"1 + 
Al+Ai' 


"2 
Al" 




01 + 
Al+Ai' 


02+ 03 
Ai+Ai" Ai'" 






D 4 


E 7 


{ a l> a 2> 
<<*1,02> 
<°2>01> 
<°2.03> 


= 1> 
= 1> 
= 1> 


<ai,^i) = 1, 
(ai,0 3 > = 1, 
(a 2 , /3 2 ) = 1, 


"1 + 
Al 


"2 
Al 




01 + 
Ai+Ai' + Ai 


02 + 
Ai+Ai'+Ai" 


03 




D 4 


D 6 +Ai 


{ a l> a 2> 
<oi,02> 
<°2>01> 
<°2.03> 


= 1> 
= 1> 
= 1. 
= 1> 


<ai,^i) = 1, 
(« lf /3 3 ) = 1, 
(a 2 , /3 2 ) = 1, 


"1 + 
A 1 + A 1 ' + A 1 " 


<»2 
Al 




01 + 
Ai+Ai' + Ai 


02 

Ai+Ai'"+Ai" 






A 3 


E 7 


W,01> 
<°2.01> 


= 1> 
= 1> 


(ai, 2 ) = 1, 
{a 2 , /3 2 ) = 1, 


"1+ °2 
Aj+Aj' Aj-'+Aj 




01 + 
Ai+Ai' + Ai 


02 

Ai+Ai'"+Ai' 






A 3 


E 7 


(ai. 01> 
<e»2. 01> 


= 1> 
= 1. 


(ai, 2 > = 1. 
{0,2,^2) = 1, 


»1 + 
Al+Ai' 


a 2 
Al" 




01 + 
Ai+Ai' + Ai 


02 

Ai'"+Ai' 






A 3 


E 7 


<=1,01> 
<°2.01> 


= 1, 
= 1. 


(ai, 2 ) = 1, 
{c 2 , /3 2 ) = 1, 


2 Q1 
Al+Ai' 




01 + 
Ai+Ai' + Ai 


02 + 
Ai+Ai"' + Ai' 


Al 


03+ 04 
" + Ai» 


D 4 


E 7 


<ai,0l) 
<ai,03> 


= 1. 
= 1> 


(ai, /3 2 ) = 1, 
<ai, 4 > = 1, 


"1+ "2 
A 1 + A 1 ' A 1 "+A 1 




01 + 
Ai+Ai' + Ai 


02 + 
Ai+Ai'"+Ai' 


03 




D 4 


E 7 


( a l> a 2> 
<ai,02> 


= 1> 
= 1> 


(ai.^i) = 1, 
( Q1 ,/3 3 ) = 1, 




















<«2,01> 


= 1> 


(a 2 ,02) = !> 




















<°2.03> 


= 1> 




»1 + 
Al+Ai' 


"2 
Al" 




01 + 
Ai+Ai' + Ai 


02+ 
Ai'" + Ai» 


S 




D 4 


E 7 


{"1 a 2> 
<ai,02> 
<"2.01> 
<°2.03> 


= 1> 
= 1. 
= 1> 
= 1> 


<ai,^i> = 1, 
( ai ,/3 3 ) = 1, 
(a 2 , 02> = !. 


"1 + 
A 1 + A 1 ' + A 1 " 


"2 
Al 




01 + 
Ai+Ai' + Ai 


02 

Ai+Ai"' + Ai' 






A 3 


E 7 


W,01> 
<°2.01> 


= 1> 
= 1> 


( ai , /3 2 ) = 1, 
< a2 , /3 2 ) = 1, 




2c*i 
Al 




01 + 
Ai+Ai' + Ai 


02 + 
Ai+Ai'+Ai" 


03 + 


04 


D 4 


D 6 +Ai 


<ai,01> 
<°1,03> 


= 1. 
= 1> 


(ai,0 2 > = 1. 






2qi 




01 + 
Al+Ai' 


02+ 03 + 
Ai+Aj' Ai"+Ai 




04 

Ai»+Ai'" 


D 4 


o 6 


(ai,01> 
<ai,03> 


= 1, 
= 1, 


<ai,j8 2 > = 1. 
(«i,j8 4 > = 1, 


2a 1 
Al+Aj' 




01 + 
Al+Ai' 


02+ 03 + 
Ai» + Ai Ai"' + A!' 


04 

Ai'" + A!" 


D 4 


E 7 


(ai,01> 
(ai,0 3 > 


= 1, 
= 1, 


<ai,j8 2 > = 1, 
<«l,/3 4 > = 1, 









Relation / linked t-corapononts 






adding 


Non-zero scalar products 
















generate 


A(t) 

generates 






"1+ 

A 1 +A 1 ' 


o 2 




01 + 
Al+Aj' 


02+ 03 
A1+A1" A 1 '"+A 1 ' 




D 4 


E 7 


(«1,«2) = 1. 

<Q1,0 2 > = 1, 


W,01> = 1, 
("l.ft) = 1. 




















(e> 2 , 01> = 1, 


(a 2 , 02> = 1. 




















<Q 2 , 3 > = 1, 




"1 + 
A 1 +A 1 ' 






01 + 
Al+Aj' 


02+ 03 
Ai"+Ai' Ai'" + Ai" 




D 4 


E 7 


(«1,«2) = 1. 

<Q1,0 2 > = 1, 


<°1,01> = 1, 
<oi,0 3 > = 1, 




















(a 2 , 0i> = 1, 


(oc 2 , 02) = 1. 




















< Q2 ,03> = 1, 




»! + 

A 1 +A 1 - 


"2 

Aj'+Aj'" 




01 + 
Al+Aj' 


02 

Ai»+Ai»' 




A 3 


A 7 


(oi, 01> = 1, 

<Q 2 , 01> = 1, 


("1. 02> = 1. 
(a 2 . 02> = 1. 




Al" 


<2 

+ Ai»' 




01 + 
Al+Aj' 


02 

Ai»+Ai'" 




A3 


«6 


(«1. 01> = 1. 
<Q 2 ,01> = 1, 


(ai, 2 > = 1, 
<a 2 . 02> = 1. 




A 


2qi 
L+Al' 




01 + 
A1+A1' 


02+ 03 + 
A!+Ai" A 1 "'+A 1 ' 


04 

A1- + A1" 


D 4 


E 7 


("1. 01> = 1. 

(<>1, 03) = !. 


(«1. 02> = 1. 
04> = 1. 


«1 + 
Al+Ai 


a 2 
Al+Aj" 




01 + 
Al+Aj' 


02+ 03 
Ai"+Ai' Ai"+Ai'" 




O4 


E 7 


(ai,a 2 > = 1, 

<Q1,0 2 > = 1, 


W,01> = 1, 
(ai,0 3 > = 1, 




















(a 2 , 01> = 1, 


(oc 2 , 02> = 1. 




















<a 2 , 3 > = 1, 




<»! + 
Al+Ai' 


a 2 

Aj'+Aj'" 




01 + 
Al+Aj' 


02+ 03 
Ai»+Ai»' 




O4 


E 7 


<ai,a 2 > = 1, 

<Q1,0 2 > = 1, 


(°1,01> = 1, 
(ai,0 3 > = 1, 




















(a 2 , 0i> = 1, 


(a 2 , 02> = 1. 




















<a 2 ,0 3 > = 1, 




"1 + 
Al+Aj' 


Al 


^2 

'+Ai' 




01 + 
A1+A1' 


02 

Ai"+Ai' 




A3 


D 6 +Ai 


<ai, 0i) = 1, 
<°2. 01> = 1, 


("1. 02> = 1. 
( Q 2i 02) = !. 


"1 + 
Al+Aj' 


o 2 
Ai"+A!' 


— 


01 + 
A 1 + Ai ' 


02+ 03 
4t4-4i" 4. "'±4, ' 
"1 T A 1 ^1 T fl 1 




D 4 


E 7 


(«1.«2) = 1, 
(ai,0 2 ) = 1, 


< = 1,01> = 1, 
(<*i,0 3 > = 1, 




















(a 2 , 0i ) = 1, 


(a 2 , 02) = !. 




















( a 2 1 03 ) = 












t-scm 


simple type: A3 














Q1 + 


o 2 


_ 


01+ 02 
A3 A3 






A3 


D G 


(ai, 0i) = 1, 


(ai,0 2 > = 1, 


















<Q 2 ,01> = 1, 


<»2. 02) = 1. 




»1 + 


"2 




01 






A 2 


A 5 


<«!, a 2 ) = - 


1, (01, 0i) = 




A 3 






A3 










1, (a 2 ,0i) = 






»1 + 
A 3 


«2 


= 


01+ 02 
A3 A3 






A3 


E 6 


0l) = 1, 
<a 2 , 0i> = 1, 


(ai,0 2 > = 1, 
<a 2 . 02) = 1. 




"1 + 


o 2 




01+ 02 + 
A3 A3 


03 
A3 




D 4 


E7 


(«b»2) = 1, 
02) = 1, 
(a 2 , 01> = 1, 
<Q2, 03> = 1. 


<ai,01> = 1, 
<oi, 3 > = 1, 
(<*2> 02) = 1. 




»1 + 
A3 


«2 




01+ 02 
A3 A3 






A 3 


oe 


(«1. 0l) = 1. 
<Q 2 ,01> = 1, 


("1. 02> = 1. 
<Q 2 . 02> = 1. 






2ai 




01+ 02 + 
A3 A3 


03+ 04 
A3 A3 




D 4 


E 7 


(«1. 01> = 1. 
<Q1,0 3 > = 1, 


("1. 02> = 1. 
<oi,0 4 > = 1, 




"1 + 


"2 




01+ 02 
A3 A3 






A3 


O5 


01> = 1. 

<Q 2 , 01> = 1, 


(«1. 02> = 1. 
<a 2 . 02> = 1. 




■1 + 
A3 


o 2 
A 3 




01+ 02 
A3 A3 






A3 


o 6 


(ai,0l) = 1, 
<a 2 .01> = 1, 


(ai, 2 > = 1, 
<Q 2 . 02) = 1. 




Q1+ 
A3 


"2 




01 
A3 






A 2 


D 5 


(ai, a 2 ) = - 
1, < = 2,01> = 


1, <ai, 0i) = 




"1 + 
A3 


o 2 
A3 


= 


01+ 02 
A3 A3 






A 3 


^6 


<ai,0i> = 1, 
<q 2 ,0i> = 1, 


(ai,02> = 1, 
<»2. 02) = 1. 




= 1 + 
A 3 


"2 
A3 




01+ 02 + 
A3 A3 


03 
A 3 




-D4 


E 7 


(ai,a 2 > = 1, 
(ci,0 2 > = 1, 
("2, 01) = 1, 
(«2i 03) = !. 


(ai,01> = 1, 
(01,03) = 1. 
(«2, 02> = 1. 






2qi 
A 3 


= 


01+ 02 + 
A3 A3 


03+ 04 
A3 A3 




D 4 


E 7 


<°1,01> = 1, 
<ai,0 3 > = 1, 


(0,1,02) = 1. 
(oi,0 4 > = 1, 




"1 + 
A3 


"2 




01+ 02 + 
A3 A3 


03 
A3 




D 4 


E 7 


(«1,«2) = 1, 
02) = 1, 
(a 2 , 01} = 1, 
<Q2, 03> = 1. 


(ai,0i> = 1, 
(ai, 3 > = 1, 
(a 2 , 2 > = 1, 






2ai 
A 3 


= 


01+ 02 + 
A3 A3 


03+ 04 
A 3 




D 4 


E 7 


W,01> = 1, 
(0,1,03) = 1. 


(<*i,0 2 > = 1, 
(oi,04> = 1, 




■1 + 

A3 


<»2 
A 3 




01+ 02 + 
A3 A3 


03 




D 4 


E 7 


<*2> = 1, 
02) = 1, 
( a 2 > 01 ) = 1 , 
("2, 03 > = 1. 


<ai,01> = 1, 
03> = 1. 
(a 2 , 2 > = 1, 


t-somisimplo type: A 2 + A\ 


A 2 + Ai 


Q 2 




01 
A 2 + Ai 






A 2 


D 5 


(«! , a 2 ) = - 
1, (a 2 ,0i) = 


1, (ai,0i) = 




»1 + 
A 2 


«2 




01 + 
A2 + A1 


02 
A2 + A1 




A3 


O5 


<ai,0l) = 1, 
<a 2 ,01> = 1, 


(<*i,0 2 > = 1, 
(a 2 . 02> = 1. 


"1 + 
Aa+Aj 


<»2 
A 2 




01 + 
A 2 + Ai 


02 
A 2 




A3 


-B6 


<°1.01> = 1, 
<Q 2 , 01) = 1, 


(ai,02> = 1, 
<a 2 , 02> = 1, 




»1 + 
Al 


«2 




01 + 
A2 + A1 


02 
A 2 




A3 


E 6 


W.0i> = 1, 

<Q 2 .01> = 1. 


(ai,02> = 1, 
(a 2 . 02> = 1. 




»1 + 
A 2 


"2 




01 
A 2 






A 2 


A4 + A1 


{01, a 2 ) = - 
1, (a 2 ,0i) = 


1, (ai,0i) = 




»1 + 
Al 


«2 




01 
Al 






A 2 


A3 + A2 


{01, a 2 ) = - 
1. (<*2.01> = 


1, (ai,0i) = 




■1 + 
A 2 


"2 
A 2 




01 + 
A 2 + Ai 


02+ 03 
A 2 + Ai A 2 




D 4 


E B 


<*2> = 1, 
02) = 1, 
(c,2, 01> = 1, 
<Q2, 03) = 1. 


<ai,01> = 1, 
(oi, 3 > = 1, 
(a 2 , 2 > = 1, 




"1 + 
A 2 


«2 
A 2 




01+ 02 
A 2 A 2 






A3 


D5+A1 


<ai,0l) = 1, 
(Q2.01) = 1. 


(<*i,0 2 > = 1, 
(c 2 , 02> = 1, 




"1 + 
Al 


o 2 
A 2 




01+ 02 
Al A 2 






A 3 


A 6 


<°1.01> = 1, 

<Q 2 .01> = 1. 


(ai,02> = 1, 
(a 2 . 02> = 1. 




»1 + 
A 2 


"2 




01 + 
A 2 + Ai 


02 
Al 




A3 


o 6 


<ai,01> = 1, 

<Q 2 . 0l) = 1. 


(0,1,02) = 1. 
(a 2 . 02> = 1. 






2ai 
A 2 




01 + 
A 2 + Ai 


02+ 03+ 04 
Al A 2 A 2 




D 4 


E 7 


<ai, 0i) = 1, 
(«1. 03> = !. 


02> = 1. 
(ai, 4 ) = 1, 




■1 + 
A 2 


»2 
A 2 




01 + 
A 2 + Ai 


02+ 03 
Al A 2 




D 4 


E 7 


<ai,a 2 > = 1, 
<<*1,02> = 1. 
( a2 ,0i> = 1, 

<a 2 .03> = 1. 


W,0i> = 1, 

(OL03) = 1, 
(0,2, 02> = 1. 


"1 + 
A 2 +Aj 


o 2 
Al 




01 + 
A 2 + Ai 


02 
Al 




A 3 


o e 


(ai,0l) = 1, 

<Q 2 .01> = 1. 


(ai, 2 > = 1, 
(a 2 . 02> = 1. 




"1 + 
Al 


"2 
A 2 




01 + 
A 2 + Ai 


02 
A 2 




A3 




W,01> = 1, 
< a 2 > 01 ) = 1 , 


(ai, 2 > = 1, 
<a 2 . 02> = 1. 




»1 + 
A 2 


"2 




01+ 2 
A 2 A 2 






A3 


D5+A1 


(ai, 0i) = 1, 
(a 2 , 01> = 1, 


(0,1, 2 > = 1, 
(a 2 , 02> = 1. 







Relation / linked E-compononts 






a 4 's, 0i'B 


adding 


Non-zero scalar products 
















generate 


A(t) 

generates 






<*! + 
^2 + ^1 


<*2 
A 2 




A 2 + Ai 


2 + 
A 2 


03 
A 2 




D 4 


E 7 


<ai,a 2 > = 1, 
<Q1,0 2 > = 1, 
(a 2 ,0i> = 1, 
<a 2 ,0 3 > = 1, 


W,01> = 1, 
<ai,0 3 > = 1, 
(a 2 , 2 > = 1, 


■1 + 
A l 


"2 


— 


01 + 
A 2 + Ai 


02 + 
A l 


03 
A 2 




D 4 




<ai,a 2 > = 1, 

02> = 1. 
(a 2 , 0i> = 1, 
<a 2 ,0 3 > = 1, 


W,01> = 1, 
<«1. 03> = !. 
(a 2 , 2 > = 1, 


"1 + 


a 2 




01+ /3 2 
A 2 A 2 








^3 


D5+A1 


(Ol, 01> = 1, 


("1. 02> = 1. 


















<a 2 , 0i) = 1, 


<a 2 , 2 > = 1, 


■1 + 
A 2 + A 1 


a 2 




01+ 02 
Aj A 2 








^3 


A 6 


(»1- 01> = 1. 
<a 2 ,01> = 1, 


("1, 02> = 1. 
<a 2 , 2 > = 1, 




2a! 




01 + 
A 2 + Ai 


02 + 
A l 


03+ 04 
A 2 A 2 




D 4 


E 7 


(<>1, 01> = 1. 
<ai,0 3 > = 1, 


02> = 1. 
<ai,0 4 > = 1, 


"1 + 

M 


<»2 
^2 




01 
A 2 + A! 








^2 


A 5 


<ai, a 2 ) = - 
1. (<*2.01> = 


1, (c*i,0i) = 


■i + 

A 2 


a 2 
^2 


= 


01 + 
A 2 + A! 


02 
A 2 + Ai 






^3 


E 6 


<ai,01> = 1, 
<a 2 ,01> = 1, 


(ai,0 2 > = 1, 
<a 2 , 2 ) = 1, 


■1 + 
A l 


"2 
^1 




01 + 
A 2 + Ai 


02 + 
A 2 + Ai 


03 
A 2 




D 4 


E 7 


<ai,a 2 > = 1, 
<ai,0 2 > = 1, 
(a 2 ,0i> = 1, 
<a 2 ,0 3 > = 1, 


<°1,01> = 1, 
<ai,0 3 > = 1, 
(a 2 , 2 > = 1, 


"1 + 


a 2 




01 + 
A 2 + Ai 


02 + 
A 2 + Ai 


03 
A 2 




D 4 


E e 


<ai,a 2 > = 1, 
<ai,0 2 > = 1, 
(a 2 , 0i> = 1, 
<a 2 ,0 3 > = 1, 


W,01> = 1, 
<ai,0 3 > = 1, 
(a 2 , 2 > = 1, 




2a! 
A l 


= 


01 + 
A 2 + Ai 


2 + 
A l 


03+ 04 
^2 *2 




D 4 


E 7 


01) = 1, 
<ai,0 3 > = 1, 


02> = 1, 
<ai,0 4 > = 1, 


ai + 
A l 


a 2 




01 + 
A 2 + Ai 


02 + 
A 2 


03 
A 2 




D 4 


E 7 


<ai,a 2 > = 1, 
<ai,0 2 > = 1, 
(a 2 ,0i> = 1, 
<a 2 ,0 3 > = 1, 


(ai,0i> = 1, 
<ai,0 3 > = 1, 
<a 2 , 2 > = 1, 


"1 + 


a 2 




01 + 
A 2 + Ai 


02 + 
A l 


03 
- 1 2 




D 4 


E 7 


<ai,a 2 > = 1, 
<ai,0 2 > = 1, 
(a 2 ,0i> = 1, 
<a 2 ,0 3 > = 1, 


(ai,0i> = 1, 
<ai,0 3 > = 1, 
(a 2 , 2 > = 1, 


"1 + 
A l 


"2 
A 2 




01+ 2 + 
A, A 2 


03 
A 2 






D 4 


E 7 


<ai,a 2 > = 1, 
<ai,0 2 > = 1, 
(a 2 ,0i> = 1, 
<a 2 ,0 3 > = 1, 


W,01> = 1, 
<ai,0 3 > = 1, 
(a 2 , 2 > = 1, 


-1 + 
A 2 + A l 


a 2 




01+ 02 + 
Ai A 2 


03 
A 2 






D 4 


E 7 


(«1.« 2 ) = 1. 
<ai.02> = 1, 
(-2. 01 > = 1. 
<°2. 03> = 1 ' 


<oi,01> = 1, 
<a 1 ,0 3 > = 1, 

<a 2 . 02> = !. 


«1 + 
A 2 + A x 


°2 
^1 




01 + 
A 2 + Ai 


02 
A 2 + Ai 






^3 


E e 


(oi, 01> = 1, 
<a 2 , 0i) = 1, 


("1. 02> = 1. 
<a 2 , 2 > = 1, 


"1 + 


"2 
A 2 




01 + 
A 2 + A l 


02 
A 2 






^3 


E 6 


0l) = 1. 
<° 2 ,01> = 1, 


("1. 02> = 1. 
<a 2 , 2 > = 1, 


"1 + 
A 2 + Ai 


a 2 




01 + 
A 2 + Ai 


02 
A 2 






^3 


E 6 


("1. 01> = 1. 
<a 2 ,01> = 1, 


02> = 1. 
<a 2 , 2 > = 1, 


"1 + 
^2 


<»2 
A 2 


= 


01 + 
A 2 + Ai 


02 
A 2 + Ai 






^3 


E e 


<°1,01> = 1, 
<a 2 ,01> = 1, 


(0,1,02) = 1, 
<a 2 , 2 ) = 1, 


"1 + 
A 2 


a 2 




01 + 
A 2 + Ai 


2 + 
A l 


03 
A2 




D 4 


E 7 


<ai,a 2 > = 1, 
<ai,0 2 > = 1, 
<c<2, 01> = 1. 
<°2. 03> = !. 


W,01> = 1, 
<ai,0 3 > = 1, 
<<*2 > 02> = 1. 


<*1 + "2 
A 2 +Ai A 2 + Ai 




01 + 
A 2 + Ai 


02 + 
A l 


03 
A 2 




D 4 


E 7 


<ai,a 2 > = 1, 
<ai,0 2 > = 1, 


W,01> = 1, 

<ai,0 3 > = 1, 




















<a 2 , 0i> = 1, 


(a 2 , 2 > = 1, 




















<a 2 ,0 3 > = 1, 




2aj 
A 2 + A X 


= 


01 + 
A 2 + Ai 


02 + 
A l 


03+ 04 
A 2 A 2 




D 4 


E 7 


<ai,01> = 1, 
<ai,0 3 > = 1, 


(ai,0 2 > = 1, 
<ai,0 4 > = 1, 


ai + 
A 2 +Ai 


a 2 
^1 




01 + 
A 2 + Ai 


02 + 
A l 


03 
A2 




D 4 


E 7 


<ai,a 2 > = 1, 
(ai,0 2 > = 1, 
(a 2 ,0i> = 1, 
<a 2 ,0 3 > = 1, 


<°1,01> = 1, 
<ai,0 3 > = 1, 
<a 2 , 2 > = 1, 


"1 + 

A 2 


a 2 
^2 




01 + 
A 2 + Ai 


02 + 
A 2 + Ai 


03 
A 2 




D 4 


E 7 


<ai,a 2 > = 1, 
<ai,0 2 > = 1, 
(a 2 , 0i> = 1, 
<a 2 ,0 3 > = 1, 


(ai,01> = 1, 
<«1. 03> = 1. 
(a 2 , 02> = 1. 


■1 + 
^1 


«2 
A l 




01 + 
A 2 + Ai 


02 
A 2 + Ai 






^3 


E 6 


(<>1, 0l) = 1. 
< a 2 > 01 ) = 


02> = 1. 
<a 2 , 2 ) = 1, 


■1 + 
^1 


a 2 
^2 




01 + 
A 2 + Ai 


02 






^3 


A 6 


(oi, 01> = 1, 
<a 2 , 0i) = 1, 


("1. 02> = 1. 
<a 2 , 2 > = 1, 




2a! 
^1 


= 


01 + 
A 2 + Ai 


02 + 
A 2 + Ai 


03 + 
A 2 


04 


D 4 


E 7 


W,01> = 1, 
<ai,0 3 > = 1, 


(ai,0 2 > = 1, 
<ai,0 4 > = 1, 


"1 + 
A l 


">2 
^2 




01 + 
A 2 + Ai 


2 + 
A 2 


03 




D 4 


E 7 


<ai,a 2 > = 1, 
<ai,0 2 > = 1, 
(a 2 , 0i> = 1, 
<a 2 ,0 3 > = 1, 


W,01> = 1, 
<«1. 03> = 1. 
<<* 2 , 2 > = 1, 


2a 1 
A 2 + A l 


= 


01 + 
A 2 + Ai 


02 + 
A 2 + Ai 


03 + 
^2 


04 


D 4 


E 7 


(ai,0l) = 1, 
<ai,0 3 > = 1, 


(ai,0 2 > = 1, 
<ai,0 4 ) = 1, 


»1 + 
Aa+Aj 


a 2 
^1 




01 + 
A 2 + Ai 


02 + 
A 2 + Ai 


03 




D 4 


E 7 


<ai,a 2 > = 1, 
(ai, 2 > = 1, 
(a 2 ,0i> = 1, 
<a 2 ,0 3 > = 1, 


(ai,0i> = 1, 
(ai,0 3 > = 1, 
(a 2 , 2 > = 1, 


»1 + 
A 2 +Ai 


a 2 
A 2 




01 + 
A 2 + Ai 


2 + 
A 2 


03 




D 4 


E 7 


<ai,a 2 > = 1, 
(a!,0 2 > = 1, 
(a 2 ,0i> = 1, 
<a 2 ,0 3 > = 1, 


(ai,0i> = 1, 
<ai,0 3 > = 1, 
(a 2 , 2 > = 1, 


»1 + 
Aa+Aj 


a 2 
^2 




01+ 02 + 
Ai A 2 


03 
A 2 






D 4 


E 7 


<ai,a 2 > = 1, 
<ai,0 2 > = 1, 
(a 2 , 0i> = 1, 
<a 2 ,0 3 > = 1, 


<ai,0l) = 1, 
(<*i,0 3 > = 1, 
(a 2 , 2 > = 1, 




2a! 
^2 


= 


01 + 
A 2 + Ai 


02 + 
A 2 + Ai 


03 + 
A 2 




D 4 


E 7 


<°1,01> = 1, 
<ai,0 3 > = 1, 


(ai,0 2 > = 1, 
(ai,0 4 > = 1, 


"1 + 
^2 


a 2 
^2 




01 + 
A 2 + Ai 


02 + 
A 2 + Ai 


03 




D 4 


E 7 


<ai,a 2 > = 1, 
<ai,0 2 > = 1, 
(02, 01> = 1. 
( a 2> 03) = l > 


<ai,01> = 1, 
<ai,0 3 > = 1, 
(a 2 , 2 > = 1, 


ai+ a 2 
A 2 +Ai A 2 + A l 




01 + 
A 2 + Ai 


02 + 
A 2 + Ai 


P3 




D 4 


E 7 


<ai,a 2 > = 1, 
<ai,0 2 > = 1, 


W,0l) = 1, 
(ai,0 3 > = 1, 




















(a 2 ,0i> = 1, 


(a 2 , 2 > = 1, 




















{ a 2> 03) = l > 





l-ricinisimplf type-: _ 1. j_ ■ _Vj_ ■ A± 



Relation / linked t-componcnts a i' s ' 0%' s adding Non-zero scalar products 

generate A(t) 

generates 





2c*i 




01 + 

Al+Ai' 


02+ 03+ 04 
Ai" + Ai' Ai Ai" 


D 4 


E 7 


( a l 0l) - 
(t-1.%) = 1. 


("1 . 02) — L ' 
(ai,/3 4 > = 1, 




2a 1 
Al 




01 + 
Al+Ai' 


02+ 03+ 04 
A l" + A 1 Ai' Aj" 


D l 


E 7 


( a l ' 01 ) = 
("1 > 03) = 


< a l . ^2) = !i 
(<*i,/3 4 > = 1, 




«2 


= 


01 + 
Al+Ai' 


02 
Al 


A 3 


D 5 +Ai 


<<*1.01> = 1, 

<o 2 ,f)i> = 1, 


= 1. 

<o 2 , /3 2 > = 1, 


Aj 


<*2 
Al' 




01 
Al+Ai' 




A 2 


A 4 + Ai 


(<xi, a 2 ) = - 
1, < = 2,01> = 


1, <»i,0i> = 


Q l + 


oc 2 




01 + 


02+ 03 






(ci,a 2 > = 1, 


(ai,3l> = 1, 
( a 2 ' ^2) = 


Al 






A1+A1' 


A1+A1' Aj" 


O4 


E 6 


("1- 02) = 1 ' 
(■"2- 0l) = 1 - 
<» 2 ,03> = 1, 


"1 + 
A 1 +A 1 ' + A 1 " 


a 2 




01 + 

Al+Aj' 


02 
Al" 


A3 


D G 


( a l , 0l) = 1| 

<Q 2 , Si) = 1, 


( a l ) 02) = 1 > 
(c 2 ,0 2 ) = 1, 


Q1 + 


«2 




/3l+ 02 
Ai Ai 




A3 


D 4 +2 Ai 


("1 . 01 ) = !. 


("I'ft) = !> 














<a 2 ,/3l> = 1, 


<Q 2 , f) 2 > = 1, 


Q1 + 
^1 


"2 
Al' 




/3l+ 02 
Ai Ai' 




A3 


A5 + A1 


(<*1, 0l) = !. 
(o 2 ,0l) = 1, 


("1 > ^2) = 

<Q 2 , 2 ) = 1, 


«1 + 
Al 


«2 




01 
Al 




A2 


A 3 +2Ai 


< a l» a 2> = - 
1, < = 2,01> = 


U £i) = 




2ai 




01 + 
Al+Ai' 


02+ 03+ 04 
A1+A1' Aj" Ai" 


D 4 


D 6 


(e*l . 01 > = 1. 
03> = !. 


("l.fc) = !. 

(01, 3 4 > = i, 


Q1 + 


"2 
Al' 




/3l + 
A1+A1' 


02 
Al"+Ai 


A 3 


E 6 


("1 . 01 ) = !. 
<a 2 ,01> = 1, 


("1 < 02) = 1 - 
(a 2 ,/3 2 ) = 1, 


01+ 

Aj+Aj' 


a 2 




/3l+ 02 
Ai Ai' 




A 3 


A5 + A1 


< a l 1 01 ) = !. 
( a 2i 01) = !. 


("1 1 02) = !> 
(«2) ^2> = !> 


Q1 + 


« 2 




01 + 

A1+A1' 


02 
Al+Ai' 


A 3 


D4+A1 


{°li^l> = 
< Q2 ,3l> = 1, 


("1 , ^2) = 
<a 2 , 2 ) = 1, 


= 1 + 
A 1 +A 1 ' 


"2 


= 


01 + 

Al+Ai' 


02 
Al+Ai" 


A3 


D B 


01) = 1. 
<a 2 , 01) = 1, 


(ai, 3 2 > = 1, 
("2,fe) = 1, 


oci + 
Al 


«2 




01 + 
A1+A1' 


02 
Al- 


A3 


D5+A1 


<°l,3l> = 1, 
{cx 2 ,0l) = 1, 


(ai,3 2 > = 1. 

<Q 2 , 2 ) = 1, 


"1 + 
A 1 +A 1 ' 


a 2 


= 


3l + 
Al+Ai' 


02+ 03 
Al Aj" 


O4 


E7 


<*2> = 1, 
(ai, 3 2 ) = 1, 
(«2 f /3l> = !. 
(«2i ^3) = !> 


(ai,3i> = 1, 
(01, 03) = 1, 
(a 2 ,02) = 1, 


«1 + 
Aj+Ai' 


a 2 
Al 




01 + 
Al+Ai' 


02+ 03 
Ai"+Ai Aj" 


D 4 


E 7 


(«1.°2) = 1, 
(ai,/3 2 ) = 1, 
(°2- 01> = 1> 
<Q2, 03) = 1. 


<ai.01> = 1, 
(ai,3 3 > = 1, 
(°2 ) ^2) = 


2-1 
A1+A1' 


= 


01 + 

A1+A1' 


02+ 03+ 04 
Al"+Ai Ai' Ai" 


D 4 


E 7 


<ai,3l) = 1, 
<ai,/3 3 ) = 1, 


(ai,3 2 > = 1. 
(ai,/3 4 > = 1, 




2ai 




01 + 
Al+Ai' 


02+ 03+ 04 
A1+A1" Ai' Ai" 


O4 


E 7 


Si) = 1, 
fl3> = 1, 


(ai, 32> = 1, 
(»l,fl4) = 1, 


OI + 
A1+A1' 


«2 




01 + 
A1+A1' 


02 + 03 
Al" Ai' 


O4 


E 7 


<ai,a 2 > = 1, 
(ai, 3 2 > = 1, 
( a 2> 01> = !> 
<Q2,^3> = 1. 


<ai,0i> = 1, 
(ai,P 3 > = 1, 
(°2 > ^2) = 1 > 


ci + 
Aj+Aj' 


«2 


= 


01 + 

A1+A1' 


02 

Ai"+Ai' 


A3 


D 6 


01) = 1, 
<a 2 , /3l) = 1, 


(0,1, f) 2 ) = 1, 
<Q2, /32> = 1, 




2«i 
Al 




01 + 
A 1 +A 1 - 


02+ 03+ 04 
A1+A1" Aj' Ai" 


D 4 


E 7 


(ai, Si) = 1, 
(ai,/J 3 ) = 1, 


(ai,3 2 > = 1. 
<ai,0 4 > = 1, 


a l + 


a 2 


= 


01 + 
A1+A1' 


02+ 03 
Ai"+Ai Aj" 


O4 


E 7 


«2> = 1, 
(oi.ft) = 1, 
< a2 ,01> = 1, 
< Q2 ,3 3 > = 1, 


(ai,/3i> = 1, 
3 3 > = 1, 
( Q2 ,^ 2 > = 1, 


-1 + 
Al 


"2 
Al' 




01 + 
A1+A1' 


02+ 03 
Al' Aj" 


O4 


E 7 


«2> = 1, 
02) = 1, 
(c 2 , Pi) = 1, 

("2,fl3> = 1, 


(ai,/3i> = 1, 
03) = 1. 
<a 2 , 32> = 1, 


Q1 + 
Al 


"2 
Al' 




01 + 
Al+Ai' 


02 

Ai"+Ai' 


A3 


E 6 


<ai.0i) = 1, 
(^2,01) = 1, 


(ai,0 2 > = 1. 
<a 2 , ^2> = 1. 


"1 + 
A1+A1' 


«2 


= 


01 + 

Al+Ai' 


02+ 03 
Al" A t 


D 4 


E 7 


<ai,a 2 > = 1, 
(ai, /3 2 ) = 1, 
< a2 ,01> = 1, 
< Q2 ,3 3 > = 1, 


<ai,Si> = 1, 
( a l 1 03 ) = 1, 
(a 2 , ^2) = 1. 


"1 + 
Al 


«2 




01+ 02 + 
Al Ai- 


03 
Al' 


D 4 


E 6+ A l 


<ai,a 2 > = 1, 
<ai,02> = 1. 
( a2 ,^l> = 1, 
< Q2 ,3 3 > = 1, 


<ai,3i> = 1, 
<«i,^ 3 > = 1, 
(a 2 , /3 2 ) = 1. 


»1 + 
Aj+Aj' 


a 2 
Al" 




01 + 
Al+Ai' 


02 
Al" 


A3 


A 6 


0l) = 1, 
<a 2 , /3i) = 1, 


("l.fe) = 1. 
<a 2 , /3 2 > = 1, 


"1 + 
Al 


a 2 




01+ 2 + 
Al Ai 


03 
Al' 


D 4 


De+Ai 


<ai,a 2 > = 1, 
= 1, 

(o, 2 , = 1, 
< Q2 ,^3> = 1, 


<ai.01> = 1, 
<oi,/3 3 > = 1, 
(a 2 , /3 2 > = 1, 


«1 + 
Aj+Aj' 


a 2 




01 + 
A1+A1' 


02 
Al"+Ai 


A3 


o 6 


i"l,0l) = 1, 
(^2,01) = 1, 


(ai,3 2 > = 1. 
<a 2 , 32> = 1. 


»1 + 
A1 + A1' 


"2 
Al" 




01+ 02 + 
Al Ai- 


03 
Al" 


D 4 




<ai,a 2 > = 1, 
<ai,3 2 ) = 1, 
( a 2> 0l) = 
< Q2 ,33> = 1. 


<ai,3i> = 1, 
<ai,03> = 1, 
(°2 > 02) = 1 > 




2ai 


= 


01+ 02 + 
Al Ai 


03+ 04 
Al' Aj' 


D 4 


D 6 +Ai 


(ai,3l) = 1, 
<ai,0 3 ) = 1, 


(ai,0 2 ) = 1, 
(ai,/3 4 > = 1, 


"1 + 
Ai + Ai' + Ai" 


a 2 
Al 




01 + 
Al+Ai' 


02 
Al+Ai" 


A3 


E e 


= 1, 

<Q 2 ,3l> = 1, 


(ai,3 2 > = 1. 
<a 2 , ^2> = 1. 


"1 + 
Al 


Q 2 
Al 




01 + 
Al+Ai' 


02+ 03 
Ai"+Ai' Ai"+Ai 


O4 


E 6 


(«b«2) = 1. 
(ai,3 2 > = 1, 
( a 2 1 ^l) = !> 
<°2. /9 3 > = 1. 


<ai.01> = 1, 
(ai,3 3 > = 1, 
("2 > 02) = 1 > 


<*! + 
Ai+Ai' + Ai" 


a 2 
Al' 


= 


01 + 
A1+A1' 


02 
Al"+Ai 


A3 


E 6 


<<*1.01> = 1, 
< Q2 ,3l> = 1, 


(ai,0 2 > = 1. 
<a 2 , ^2> = 1. 


"1 + 
Al 


a 2 
Al' 




01 + 
Al+Ai' 


02 
A 1 +A 1 " 


A 3 


E e 


(ai.fll) = 1, 

<Q 2 ,3l> = 1, 


(ai,P 2 > = 1. 

<Q 2 , 2 ) = 1, 


"1 + 
Ai+Ai' + Ai" 


Q 2 


= 


01+ 02 + 
Al Ai- 


03 
Aj" 


D 4 


E 6 


<ai,a 2 > = 1, 
(01,182) = 1, 
<» 2 .01> = 1. 
(o 2 , 03) = 1. 


<ai,3i> = 1, 
<c*i,03> = 1, 
(a 2 , 02) = 1. 


"1 + 
Al+Ai' 


"2 
Al' 




01 + 
A1+A1' 


02+ 03 
A1+A1" Aj' 


D 4 


E 7 


<ai,a 2 > = 1. 
(ai,/3 2 ) = 1, 
( a2 ,/3l> = 1, 
(c<2, 03) = 1 < 


<ai.3l> = 1. 
<oi,/3 3 > = 1, 
(a 2 , 02 > = 1, 



Relation / linked t-components 



<Xj_ 's, &i 's adding 
generate A(t) 



Non-zero scalar products 



A, 



«1+ a 2 

Aj+Aj'+A!" A x 



"1 + 

Ai+Aj' 



= 1 + 
Aj+Ai' + A!" 

«1 + 

Aj+Aj' 

ai + 
Aj+Aj' 

"1 + 
Al 

"1 + 
Aj+Ai' 

"1 + 



Ax+Aj' 



"1 + 
Ai+Aj' 



Q1 + 
Aj+Aj' 



A 1 +A 1 " 



"1 + 
A, 



"1 + 
Aj+Aj' 



<*! + 
A 1 + A x ' 



*1 + 



2«! 



°1 + 



Al+Aj' 



"1+ °2 
Al +Ai ' Aj 



*i + 



»1 + 
Al+Aj' 



"1 + 
Al+Aj 



A^'+Ai' 
"2 



«1 + 
Al+Ai' 



*1 + 



Al-'+Aj 



2a! 
Al 



2a! 
Al 



n + 



»1 + 
Al+A!' 

ai + 
Al+Ai' 



3l + 
Al+A!' 



3l + 
Al+A!' 



3l + 
Al+Aj' 



3l + 
Al+Aj' 



3l + 
Al+Aj' 

3l 
Al+Aj' 

3l + 
Al+Aj' 



3 2 + 
Al"+A! 



33 



3 2 + 



3 2 + 



3 3 



/*3 
Al 



3 2 
Al 



3l + 
Al+Aj' 

3i + 

A 1 +A 1 - 

3l + 
Al+Aj' 



3 2 + 
Al"+A! 



3 2 

Ai»+A!' 



3 2 



Al+A x ' 

f>2 + 
A 1 "+A 1 ' 



3 3 
A,' 



3 3 + 



/3l + 
Al 



3 2 + 



<33 



3i + 

Al+Ai' 



f>2 + 



3 3 



3l + 
Al 

3l + 
A 1 +A 1 - 

3l + 
Al+Ai' 



3l + 
Al+Ai' 



3i + 

Al+Ai' 

3i + 

Al+Ai' 



/3l + 
Al+Ai' 



3l + 
Al+Ai' 



3i + 

Al+Ai' 



3i + 

Al+Ai' 

3i + 

Al+Ai' 



3 2 + 
Al 



(33 + 



3 2 



3 2 + 
A ± "+A 1 ' 



3 2 + 



3 2 + 
l"+Al' 



3 2 + 
Al" 



f>3 



3 2 + 
Al"+Ai 



3 2 + 
A ± "+A 1 ' 



f>3 



03 + 



f>3 
A -i " 



3 3 
Al" 



3 2 + 



^3 



3 2 

Ai"+Ai' 

/3 2 + 
Ai"+Ai' 



"1+ °2 




3l + 


/3 2 + 


3 3 


Aj+Aj' + Ai" Ai'+Ai" 




Al+Ai' 


Ai"+A x ' 


Al 


"1+ "2 




3l + 


/3 2 + 


3 3 


Al Ai 




Al+Ai' 


Al+A x ' 




2ai 




/3l+ 3 2 + 


/3 3 + 


3 4 


Al+Ai' 




Ai Ai 


Al' 


Al' 


"1+ "2 




01+ /3 2 + 


f>3 




Ai+Ai' Ai 




Ai Ai' 







3i + 

Al+Aj' 



3l + 
Al+Aj' 



/3 2 + 
Ai"+A x ' 



/3 2 + 



3 3 



3 4 



3 4 



3l + 
Al+Aj' 

3l + 
Al+Aj' 

/3l + 
Ai+Ai' + Ai" 



/3 2 + 
Ai"+A x ' 



3 3 + 
Al"+Ai 



34 



/3 2 + 33 + 

Ai+Ai' Ai" 

32 

A 1 +A 1 '+A 1 » 



34 



3i+ 3 2 

A 1 +A 1 ' + A 1 " Ai+Ai" 

3i 

Ai+Ai' + Ai" 



D 4 


E 7 


<«1,02> 
<«2>01> 
<«2>03> 


= 1. 
= 1. 
= 1> 
= 1> 


<«1,01> = 1. 
(ai,0 3 > = 1, 
(a 2 , 02) = 1. 


D 4 


E 7 


< a b a 2> 
<«1,02> 
<«2>01> 
<«2>03> 


= 1. 
= 1. 
= 1> 
= 1> 


<«l,0l) = 1, 
(ai,0 3 ) = 1, 
(a 2) 2 ) = 1, 


D 4 


E 7 


( a b a 2> 
<«1,02> 
<«2>01> 
<«2>03> 


= 1> 
= 1> 
= 1> 
= 1> 


<«l»0l) = 1, 
(«1,0 3 ) = 1, 
(a 2 , 02) = 1. 


D 4 


E 7 


( a b a 2> 
<«1,02> 
<«2>01> 
<«2,03> 


= 1> 
= 1> 
= 1> 
= 1> 


<«l»0l) = 1, 
(ai,0 3 ) = 1, 

i (T1 Bit, \ 1 


A i 
-"d 


Er 


0l) 
( Q 2. 0l) 


= 1, 
= 1> 


{ai , 2 ) = 1. 
<« 2 , 02) = !. 


yV ') 


E 4 + Ai 


(ai, «2> = ~ 
1, (<* 2 ,/3i) = 


1 | (ai , 0i ) = 






(aj, ) 
<«2»^l) 


= 1> 
= 1. 


(a 1 , 2 ) = 1) 
(a 2 . 02) = 1. 


- l A 


_D 4 + 2Ai 


<«l./8l) 
<«2./8l) 


= 1, 
= 1. 


(ai , 02 ) = 1. 
(a 2 ,'/3 2 > = 1. 


■"3 


-D5 + Ai 


(a b ) 
<«2^l) 


= 1, 
= 1> 


(a 1 , ^2 ) = 1- 
<a 2 , 3 2 > = 1. 


A 3 


D5+A1 


<ai , /3i) 
( a 2 > /^l ) 


= 1> 
= 1> 


32> = 1, 
<a 2 , 3 2 > = 1. 


D 4 


E 7 




= 1> 
= 1. 


(ai, 2 > = 1. 
(01, 3 4 > = 1, 


D 4 


D 6 +Ai 


( a b a 2> 
<«1»^2> 
(«2^1> 
<«2»^3) 


= 1> 
= 1. 
= 1> 
= 1. 


<°l,3i> = 1, 
(ai,03> = 1, 
(a 2 . 3 2 > = 1. 


D 4 


E 7 


< a b a 2> 

(«2, ^l) 
("2. /%> 


= 1> 
= 1> 
= 1> 
= 1> 


<ai,3l> = 1, 
(ai,/3 3 > = 1, 

i <T1 Bit, \ 1 


D 4 


D 6 +Ai 


<ai. 
<«1,^ 3 ) 


= 1, 
= 1> 


(ai,P 2 > = 1. 
<ai,0 4 > = L 


A 3 


A5 + A1 


(ai.^l) 
<«2^l) 


= 1> 
= 1> 


= 1. 
<a 2 , 3 2 > = 1. 


D 4 


E 7 


( a b a 2> 
(«1,^2) 
<«2. ^1> 
<«2^3) 


= 1. 
= 1> 

= 1> 


<°l,3i> = 1, 

<ai,/3 3 > = 1, 
<a 2 . 3 2 > = 1. 


D 4 


E 7 


( a b a 2> 
<a 2 .^l> 


= 1. 
= 1. 
= 1> 
= 1. 


(ai,3l> = 1, 
(ai,3 3 > = 1. 
(a 2 , 3 2 > = 1. 


D 4 


E 7 


<«l.01> 


= 1> 
= 1. 


(ai,0 2 > = 1. 
(0.1, fii) = 1, 


D 4 


E 7 


< a b a 2> 
("2. ^3) 


= 1> 
= 1. 
= 1> 
= 1. 


< = l,3i) = 1, 

<ai,/3 3 > = 1, 
(a 2 , 3 2 > = 1. 


D 4 


E 7 


< a b a 2> 

<« 2 . /8l> 
<«2,^3) 


= 1> 
= 1> 
= 1> 
= 1> 


W,3i> = 1, 

<ai,/3 3 > = 1, 
(c.2,02) = 1. 


D 4 


E 7 


< a b a 2> 
{«1,^2) 

(a 2 , £3) 


= 1> 
= 1> 
= 1> 
= 1> 


W,3i> = 1, 

<ai,/3 3 > = 1, 
(a 2 , 3 2 > = 1. 


D 4 


E 7 


( a b a 2> 
{«1,02) 
<«2» 01 > 


= 1> 
= 1> 

= 1> 


< = l,3i) = 1, 

<ai,/3 3 > = 1, 
(a 2 ,02) = 1. 


A 3 


D 6 


(«l,0l) 
<«2./8l) 


= 1> 
= 1. 


<ai,3 2 > = 1. 
<a 2 , 3 2 > = 1. 


D 4 


E 7 


< a b a 2> 

<a 2 . 01> 
<«2»03) 


= 1> 
= 1> 
= 1> 
= 1, 


(ai,3l> = 1, 
(ai,3 3 > = 1. 
(a 2 , 3 2 > = 1. 


D 4 


E 7 


Q 2> 
<«1,02) 
(a 2 , /3]_) 

<«2.03> 


= 1> 
= 1> 
= 1> 
= 1. 


(«l,3l> = 1, 
("i, 3 3 > = 1. 

(a 2 . 32> = 1. 


D 4 


D 6 +Ai 


<«2»01> 
<«2»03) 


= 1> 
= 1> 
= 1> 


(ai,3l> = 1, 
<ai,/3 3 > = 1, 
(a 2 ,02) = 1. 


D 4 


D 6 +Ai 


<«l,0l) 
<«1,0 3 ) 


= 1. 
= 1> 


= 1. 

<ai,0 4 > = 1, 


D 4 


D6+A1 


( a b a 2> 
<«1,02> 
<«2»01> 
<«2>03> 


= 1> 
= 1> 
= 1> 
= 1> 


(ai,3l> = 1, 
<ai,/3 3 > = 1, 
(a 2 . 32) = 1. 


D 4 


E 7 


( a b a 2> 

{«2,01> 
<«2»03) 


= 1> 
= 1> 
= 1> 
= 1> 


(ai,3l> = 1, 
(<*1,3 3 > = 1. 
(a 2 , 3 2 > = 1. 


D 4 


E 7 


( a b Q 2> 
<«1,02) 
{«2,01> 
<«2.03> 


= 1> 
= 1> 
= 1> 
= 1. 


(«l,3l> = 1, 
(<*1,3 3 > = 1. 

( Q 2, 02 ) = 1, 


D 4 


En 


<«1. 0l) 
(«1 1 03> 


= 1> 
= 1> 


{ai , 02 ) = 1, 
<ai, 4 ) = 1, 


^ 4 




<«l»0l) 
<ai,j8 3 ) 


= 1> 


\" 1 ) P2 / — A i 
<a!,/3 4 > = 1, 


^3 


^5 


<«2,0l) 


= 1. 
= 1> 


( Q l ' 32 ) = ^1 
<a 2 , f> 2 ) = 1, 


A3 


s 6 


<ai,0i) 
<«2»0l) 


= 1> 
= 1> 


("l.fel = 1. 
<a 2 ,3 2 > = 1, 


A 2 


^5 


(ai,a 2 > = - 
1, (a 2 ,0i) = 


1, (ai,/3i) = 







Relation / linked E-compononts 






adding 


Non-zero 


scalar products 














generate 


A(t) 

generates 










Al 


"2 
Al ' 




0i+ 

Al+Ai' 


02+ 03 
Ai"+Ai 




D 4 


E 6 


( a li a 2 ) 
W,02> 
(<*2,Pl) 
<°2.03> 


= 1. 
= 1. 
= 1> 
= 1> 


(«l,/3 3 ) 
<a 2) /3 2 ) 


= 1, 
= 1, 
= 1, 


»1+ 

Al 


"2 




01 + 
Al+Ai' 


02+ 03 
Ai+Aj" Ai" 




D 4 


E 7 


( a li a 2 ) 
<°1,02> 
<<*2>01> 
{ a 2> 03) 


= 1> 
= 1> 
= 1> 
= 1. 


(ai.^i 
(<*1,0 3 > 
("2 > 


= 1, 
= 1, 
= 1, 


»1+ 

A 1 +A 1 ' 


"2 
Al 




/3i + 
Ai+Ai' + Ai 


02 
Al+Aj" 




A 3 


E e 


01> 
< a 2> 0l) 


= 1, 
= 1> 




= 1. 
= 1, 


"1+ = 2 




/3i + 
Al+Ai' + Ai 


02 
Al' 




A 3 


E e 


<ai,0l) 
< a 2> 0l) 


= 1) 
= 1> 




= 1, 
= 1, 


Ai+Ai'+Ai" 




01 + 

Al+Aj' 


02+ 03 + 
Ai+Aj" Ai' 


04 

Al" 


D 4 


E 7 


<»1,01> 
( a l . 03 ) 


= 1> 
= 1> 


("1. 02) 
(^1,04) 


= 1, 
= 1, 




a 2 
Al' 




01 + 
Ai+Ai' + Ai 


02 
Al 




A 3 


E 6 


<»1,01> 
< a 2> 01> 


= 1> 
= 1. 


(^1,02) 
(a 2 ,02) 


= 1, 
= 1, 


"1 + 
Al 


a 2 
Al' 


= 


01 + 
Ai+Ai' + Ai 


02 
Al' 




A 3 


E 6 


<»1,01> 
<Q 2 .01> 


= 1> 
= 1. 


(<*1.02> 
<«2»^2> 


= 1, 
= 1, 


»1 + 
Al 


"2 




01 + 

Al+Ai' 


02+ 03 
Ai"+Ai' Ai" 




D 4 


E 7 


( a b a 2 ) 
<<*1,02> 
<°2,01> 
< a 2> 03) 


= 1> 
= 1> 
= 1> 
= 1> 


(<*1,03) 


= 1, 
= 1, 
= 1. 


"1 + 
Al+Ai' 


"2 
Al 




01 + 
Ai+Ai' + Ai 


02 
Al+Ai' 




A 3 


E e 


< = 1,01> 
(&2> 0l) 


= 1, 
= 1> 


(<x 1 ,0 2 ) 
(a 2 ,02) 


= 1. 
= 1, 


= 1 + 
Al 


"2 
Al' 


= 


01 + 
Al+Ai' + Ai 


02 
Al" 




A 3 


E 6 


(ai,01> 
<°2, 01> 


= 1> 
= 1. 


(cci,0 2 ) 
(<*2>02) 


= 1, 
= 1, 


«1 + 
Ai+Ai' + Ai" 


Q 2 
Al' 




01 + 
Al+Aj' 


02+ 03 
Al" Ai' 




D 4 


E 7 


( a b a 2 ) 
(ai,02> 
<c«2, 01> 
<°2. 03> 


= 1> 
= 1, 
= 1> 
= 1> 


(01,183 > 
< a 2 » 02) 


= 1, 
= 1, 
= 1, 


-1 + 
Al 


"2 
Al 




01 + 
Ai+Ai' + Ai 


02 + 
Al+Ai' 


03 
Al" 


D 4 


E 7 


( a b a 2 ) 
<<*1,02> 
<<»2,01> 
<°2.03> 


= 1> 
= 1> 
= 1> 
= 1> 


<ai,^i 
<«l,/3 3 ) 
(c* 2 ,02) 


= 1, 
= 1, 
= 1, 


"1 + 
Al 


"2 
Al' 




01 + 
Al+Ai' 


02+ 03 
Al+Aj" 




D 4 


E 6 


a 2 ) 
<ai,02> 
<c«2, 01> 
(=2. 03> 


= 1> 
= 1> 
= 1> 
= 1. 


<«1.^1 
(«l,/3 3 ) 
("2 > 02) 


= 1, 
= 1, 
= 1, 


"1 + 
Al 


"2 
Al' 




01 + 
Al+Aj' 


02+ 03 
Ai"+Ai' 




D 4 


E 6 


( a li a 2 ) 
<°1,02> 
<<»2,01> 
<a 2 .03> 


= 1> 
= 1, 
= 1> 
= 1. 


<«l,/3 3 ) 


= 1, 
= 1, 
= 1, 


«1 + 
Al 


a 2 
Al 




01 + 
A 1 +A 1 ' + A 1 


02 + 
Ai'+Ai" 


03 
Al 


D 4 


E 7 


«2 ) 
<<*1,02> 
(t*2, 01> 
("2' 03) 


= 1> 
= 1> 
= 1> 
= 1> 


<<*1.01 
(«l,/3 3 ) 
< a 2 » ^2) 


= 1, 
= 1, 
= 1, 


"1 + 
A x +Ai' A x 


= 2 

"+A X ' 




01 + 
Ai+Ai' + Ai 


02 
Al" 




^3 


E 6 


<c»l,01> 
(" 2 , 01> 


= 1) 
= 1> 


(^i, /3 2 ) 
(«2^2) 


= 1. 
= 1, 


"1 + 
Al + Ai' 


»2 
Al" 


= 


01 + 
Al+Ai' + Ai 


02 




A 3 


E s 


< = 1,01> 
<Q 2 .01> 


= 1> 
= 1> 


<"l,/3 2 ) 
<«2»^2> 


= 1, 
= 1, 


-1 + 
Al 


<»2 
Al 




01 + 
Ai+Ai' + Ai 


02 + 
Ai+Ai'+Ai 


03 


D 4 


o 6 


( a li a 2 ) 
<<*1.02> 
<<*2>01> 
< a 2> 03) 


= 1. 
= 1. 
= 1> 
= 1) 


(ai.^i 
<ai,/3 3 ) 
("2 > ^2) 


= 1, 
= 1, 
= 1, 


"1+ °2 
Ai+Ai' Ai+Ai' 




01 + 
Ai+Ai' + Ai 


02 + 
Al+Aj" 


03 
Al ' 


D 4 


E 7 


( a li a 2 ) 
<°1.02> 


= 1. 
= 1. 


<«1,^1 
<«l,/3 3 ) 


= 1, 
= 1, 


















<<*2,01> 


= 1> 


(«2^2) 


= 1, 


















< a 2> 03) 


= 1> 








2ai 




01 + 
Al+Ai' 


02+ 03 + 
Ai"+Ai Ai' 


04 
Ai" 


D 4 


E 7 


<°1,01> 
{"1, 03) 


= 1) 
= 1> 


("1^2) 
{«1,^4> 


= 1, 
= 1, 


2ai 

Ai + Ai' + Ai" 




01 + 
Al+Aj' 


02+ 03 + 
Ai"+Ai Ai' 


04 
Ai" 


D 4 


E 7 


("1,01> 
("1 . 03) 


= 1) 
= 1, 


(«1^2) 
<«1,£ 4 > 


= 1, 
= 1, 


-1 + 
Al+Ai' 


£*2 
Al' 


= 


01 + 
Ai+Ai' + Ai 


02 

Ai' + Ai" 




A 3 


E 6 


<»1,01> 
<<*2.01> 


= 1> 
= 1> 


<"l,/3 2 ) 
<«2»^2> 


= 1, 
= 1, 


oi + 
Ai+Ai' + Ai" 


"2 
Al' 




01 + 
Al+Ai' 


3 2+ 03 
Al Ai" 




D 4 


E 7 


( a b a 2 ) 
<°1,02> 
<<»2,01> 
<<*2.03> 


= 1. 
= 1> 
= 1> 
= 1> 


<ai,j8i 
(«l,/3 3 ) 


= 1, 
= 1, 
= 1, 


= 1 + 
Al 


"2 
Al' 




01 + 
Al+Ai' 


02+ 03 




D 4 


D 6 +Ai 


( a li a 2 ) 
(ai,02> 
<o 2 .01> 
< a 2 . 03 ) 


= 1> 
= 1. 
= 1> 
= 1. 


<«1,^1 
<ai,/3 3 ) 
< a 2 » 02) 


= 1, 
= 1, 
= 1, 




2ai 
Al 




01+ 02 + 
Ai+Ai' + Ai" Ai'+Aj" 


03+ 04 
Al 


D 4 


E 7 


01> 
{"b 03 ) 


= 1, 
= 1> 


(ftb ^2) 
(ai. ^4> 


= 1. 
= 1> 


"1 + 
Al+Ai' 


"2 
Al' 




01+ 02 + 
Ai+Ai' + Ai" Ai'+Aj" 


03 


D 4 


E 7 


(a i , a 2 ) 
W,02> 


= 1> 
= 1> 


(«l,/3 3 ) 


= 1, 
= 1, 


















(<*2,Pl) 


= 1> 


<a 2) /3 2 ) 


= 1, 


















<°2.03> 


= 1> 






•1+ 
Ai + Ai' + Ai" 


a 2 
Al" 




01 + 
Al+Aj' 


02+ 03 
Ai' Ai" 




D 4 


E 7 


("li a 2 ) 
<<*1,02> 
<a 2 , 01> 
( a 2 i 03 ) 


= 1> 
= 1> 
= 1> 
= 1> 


<°l,/3 3 ) 
< a 2 » ^2) 


= 1, 
= 1, 

= 1; 


oi + 
Al 


"2 
Al' 




01+ 02+ 03 
Ai+Ai' + Ai" Ai 




D 4 


E 7 


a 2 ) 
<<*1,02> 


= 1> 
= 1> 


(ai.^i 
<«l,/3 3 ) 


= 1, 
= 1, 


















<"2.01> 


= 1> 


( Q 2^2) 


= 1; 


















i a 2 i 03 ) 


= 1> 






"1+ = 2 
Ai + Ai' Ai+Ai" 




01 + 
Al+Ai' + Ai 


02+ 03 
Al 




D 4 


E 7 


("li a 2 ) 
<ai,02> 


= 1. 
= 1. 


<ai,0i 
<ai,/3 3 ) 


= 1, 
= 1, 


















<°2. 01> 


= 1> 


< a 2 » 02) 


= 1, 


















< a 2 . 03 ) 


= 1. 






2ai 
Al+Ai' 




01+ 02 + 
Ai+Ai' + Ai" Ai+Aj" 


03+ 04 
Al' 


D 4 


E 7 


<»1,01> 
( a l . 03 ) 


= 1> 
= 1> 


(oc lt 02) 
(^1,04) 


= 1; 
= 1> 


"1+ a 2 
Ai + Ai' Ai"+Ai 




01+ 02+ 03 
Ai+Ai' + Ai" Ai' 




D 4 


E 7 


«2 ) 
W,02> 


= 1> 
= 1> 


(«1.^3) 


= 1, 
= 1, 


















<"2.01> 


= 1> 


< a 2 » ^2) 


= 1, 


















< a 2 > 03 ) 


= 1> 








2ai 
Al 




01+ 02+ 03+ 04 
Ai+Ai' + Ai" Ai+Ai'+Ai" 


D 4 


E 6 


<ai,01> 
( a l> 03) 


= 1) 
= 1> 


("1. ^2) 
<«1. 04> 


= 1, 
= 1> 


"1 + 
Al+Aj' 


"2 
Al' 




01+ 02 + 
Ai+Ai' + Ai" Ai+Aj" 


03 


D 4 


E 7 


» 2 ) 
W,02> 


= 1> 
= 1> 




= 1, 
= 1, 


















<°2,01> 


= 1> 


( Q 2-' 3 2) 


= 1; 


















( a 2 . 03 ) 


= 1> 






Q1+ C 2 

Ai + Ai' Ai+Ai" 




01 + 
Al+Ai' + Ai 


02 
Al 




A 3 


E 6 


<°1,01> 
(ot2 ) &1 ) 


= 1. 


("1 , 02) 
<«2»^2> 


= 1, 




2c*i 
Al 




01 + 
Al+Ai' 


02+ 03 + 
Al+Ai' 


04 


D 4 


D 6 +Ai 


<°i,0i> 

<°1,03> 


= 1> 
= 1> 


(0(1,(82) 
<«1,^4> 


= 1, 
= 1, 





Relation / linked E-compononts 






0i' B 


adding 


Non 


zero scalar products 














generate 


A(t) 

generates 








<*i+ Q 2 
A , _L A - 1 4 - 




0i+ 


02 + 
Al+Aj 




03 


D 4 


E 7 


("1 
< a l 
(°2 
( a 2 


°2> = 1. 
02> = 1, 
01> = 1, 
03> = 1. 


<°1,01> = 1, 
("l.ft) = 1. 
(a 2 , 02> = 1, 


Ai + Ax' + Ax" 


= 


3l + 
Aj+Aj' 


02 + 
A 1 "+A 1 ' 


03 + 
Al 


04 
Al" 


D 4 


E 7 


( a l 
i a l 


01> = 1, 
03> = 1. 


<ai,02> = 1, 
< Q1 ,0 4 > = 1, 


"1+ = 2 




01 + 

Ai+Ai' 


02 + 
A 1 "+A 1 ' 


03 
Al" 




D 4 


E 7 


( Q l 
( a l 
< a 2 
( a 2 


= 2> = 1, 
02> = 1. 
01> = 1, 
03> = 1. 


<<*1,01> = 1, 
<ai,0 3 > = 1, 
(<*2, 02> = 1, 


Al 


= 


01 + 
Ai+Ai' + Ai' 


02 + 
A 1 +A 1 




03+ 04 
Al' 


D 4 


E 7 


( a l 
( Q l 


01> = 1, 
03> = 1. 


(<*1,02> = 1, 
<ai,0 4 > = 1, 


Q l+ a 2 
A 1 A 1 ' 




01 + 

Aj+Ai' + Ai' 


02 + 
Al' 


03 




D 4 


E 7 


( a l 
( Q l 
("2 
( a 2 


<*2> = 1. 
02> = 1, 
01> = 1, 
03> = 1. 


<<*1,01> = 1, 
<«1. 03> = 1. 
(oc 2 , 2 > = 1, 


"1+ a 2 

d . _L d , ^ A . 1 hI . 7 




01 + 
Aj+Ai' + Ai' 


02 + 
Aj+Ai 




03 
Al" 


D 4 


E 7 


(«1 
(«1 

< Q 2 
( a 2 


°2> = 1. 
02> = 1, 
01> = 1, 
03> = 1. 


(<*1,01> = 1, 
<ai,0 3 > = 1, 
(c 2 , 2 > = 1, 


"1+ Q 2+ a 3 
A^ j4j_' -Al" 




01 + 02 + 
Al Ai' 


03 
Ai" 






^5 


E 6 


( Q l 
< a 2 
("3 


02 > = 1, 
01> = 1, 
01> = 1, 


(<*1,0 3 > = 1, 

("2, 03> = 1. 
(03, 2 > = 1, 






e-scmisimpl 


• typo: Aj+Aj+Ai 












Ai+Ai' Ai"+Ai 




01 + 

Al+Ai' 


02 
Al"+Ai 






^3 


o 6 


< a l 
< a 2 


01> = 1, 
01> = 1, 


("1, 02> = 1. 
<Q 2 , 02) = 1, 


«1+ a 2 

A - _1_ d „ 1 A . 1 A ■ 7 




01 + 

Al+Aj' 


02 + 
Ai''+Ai' 


03 
Al"+Ai 


D 4 


E 7 


("1 
("1 


°2> = 1. 
02> = 1, 


W,01> = 1, 
(0=1,03) = 1. 


















("2 


01 ) = !> 


(°2 ,02) = !, 




















03> = 1, 




cvi+ "2 
Ai+Ai' Ai+Ai" 




/3l + 
Al+Ai' 


02 
Ai+Ai" 






^3 


o 6 


( a l 
("2 


01> = 1, 
01> = 1, 


(ai,0 2 > = 1, 
(e> 2 , 2 > = 1, 



Relation / linked ^-components adding Non-zero scalar products 

generate 

generates 



E-scmisimplc type: 



ai + 






01 + 
A 2 


02 
A 2 




^3 


D 5 


01> = 1. 


(«p 02) = 1, 














<Q 2 ,0i> = 1, 


(a 2 , 02) = 1, 


ai + 

A 2 






01 
A 2 






A 2 


A 4 


(«1,«2) = - 
1, <°2,01> = 


1, (ai,0i> = 


CK1 + 

A 2 


A2 




01 + 
A 2 


02 
A 2 




^3 


o 5 


01> = 1, 
< Q2 ,01> = 1, 


02> = 1, 
(a 2 , 2 > = 1, 


OS1 + 


a 2 




01 + 
A 2 


02 + 
A 2 


03 
A 2 


D 4 


^6 


«2> = 1, 
02> = 1, 
(q 2 , 01 ) = 1, 
(oj, 03> = 1, 


(ai, 0i> = 1, 
(-1, 03> = 1, 
(02, 02) = 1, 


"1 + 
A 2 


°2 




01 + 
A 2 


02 
A 2 




A 3 


D 5 


(ai, 0i) = 1. 


(ai , 2 ) = 1, 


















<a 2 , 01> = 1, 


<a 2 , 02> = 1, 


"1 + 
A 2 


A 2 




01 + 
A 2 


02 + 
A 2 


03 
A 2 


D 4 


S 6 


(evi , CS2) = !, 
(ai,0 2 > = 1, 
( a2 ,01> = 1, 
(«J, 03> = 1, 


(op £1) = 1. 

(-l.ft) = 1. 

(a 2 , 2 > = 1, 










pie type A 1 +A X 










"1 + 


a 2 




01 + 
Al 


02 
Al 




A 3 


D4 + A1 


(ai,01> = 1, 

<Q 2 , 01> = 1, 


(ai,0 2 > = 1, 
(a 2 , 2 ) = 1, 


"1 + 
Al 


"! 




01 + 
Al 


02 + 
Al 


03 
Al' 


D 4 


D 6 


("1,»2) = 1, 
(ai,0 2 > = 1, 
(a 2 , 01> = 1, 
<a 2 , 3 > = 1, 


(<*1,01> = 1, 
(-l.ft) = 1. 
(c 2 , 2 > = 1, 


"1 + 
Al 


°2 




01 
Al 






A 2 


A3+A1 


<ai,a 2 > = - 
1, <a 2 ,01> = 


1, («l,0l) = 


»1 + 
Al 


Al' 




01 + 
Al 


02 
Al' 




^3 


A B 


<°l,0l) = 1, 
< Q2 ,01> = 1, 


(ai,0 2 > = 1, 
(c 2 , 2 > = 1, 


"1 + 
Al 


"2 
Al 




01 + 
Al+Aj' 


02+ 03 
Al' Ai 


D 4 


E 6 


<ai,a 2 > = 1, 
(ci,0 2 > = 1, 


(<*1,01> = 1, 
("l.ft) = 1. 


















( a2 ,01> = 1, 


(a 2 . 02> = 1, 


















<a 2 , 3 > = 1, 




"1 + 
Al 


«! 




01 + 
Al+Aj' 


02 
Al' 


^3 


OS 


01> = 1, 
(aj, 01> = 1, 


02> = 1, 
(a 2 , 2 > = 1, 


<*l + 


"! 




01 + 
Al+Aj' 


02+ 03 
Al' Ai 


D 4 


E 6 


(«1,«2) = 1, 
(ai,02> = 1, 


(ai,01> = 1, 
(c.1,03) = 1, 


















( a2 ,01> = 1, 


(c 2 , 2 > = 1, 


















<a 2 , 3 > = 1, 




"1 + 
Al 


«! 




01 + 
Al+Aj 




02 
Al 


A 3 


D5 


(ai,01> = 1, 

<Q 2 , 01> = 1, 


02> = 1, 
(c 2 , 2 > = 1, 




2ai 




01 + 
Al 


02 + 
Al 


03+ 04 
Al' Ai' 


D 4 


oe 


W,01> = 1, 
(ai,0 3 > = 1, 


(ai,0 2 > = 1, 
(<*1,0 4 > = 1, 


"1 + 
Al 


«! 




01 + 
Al 


02 + 
Al' 


03 
Al' 


D 4 


D 6 


(«1,«2) = 1, 
02> = 1, 
(o 2 . 01> = 1, 
<a 2 ,03> = 1, 


(ci,0i> = 1, 
03> = 1, 
(c 2 , 02> = 1, 


°1 + 
Al 


°2 
Al' 




01 
Al+Aj 






A 2 


A 4 


<ai,a 2 > = - 
1, < = 2,01> = 


1, (<*1,01> = 


ai + 
Ai + Ai' 


<*2 




01 + 
Al 


02 
Al' 




^3 


A S 


(ai,01> = 1, 
< Q2 ,01> = 1, 


(ai,02> = 1, 
(a 2 , 2 > = 1, 


= 1 + 


«! 




01 + 
Al+Aj' 


02 
Ai+Ai' 


^3 


D 4 


(ai,01> = 1, 

<Q 2 ,01> = 1, 


(<*1,0 2 > = 1, 
(a 2 , 2 > = 1, 


= 1 + 
Ai + Ai' 


«! 




01 
Al+Aj' 




A 2 


D 4 


("1, a 2> = - 

1, <Q 2 , 01> = 


1, (ai,0i) = 


"1 + 
Aj+Ai' 


a 2 
Al 




01 + 
Aj+Ai' 


02 
Al 


^3 


»5 


<°l,0l) = 1, 

< Q2 ,01> = 1, 


(ai,0 2 > = 1, 
(c 2 , 2 > = 1, 


«1 + 
Al 


Q 2 
Al 




01 + 
Al+Aj' 


02 
Ai+Ai' 


A 3 


»5 


(=1,01) = 1, 

<Q 2 ,01> = 1, 


(ai, 2 > = 1, 
(a 2 , 2 > = 1, 


•1 + 
Aj+Ai' 


°2 
Al' 




01 + 
Al+Aj 




02 
Al' 


A 3 


»5 


(ai,01> = 1, 
< Q2 ,01> = 1, 


(ai, 2 ) = 1, 
(a 2 , 02) = 1, 




2ai 
Al 




01 + 
Al 


02 + 
Al 


03+ 04 

Al' Ai' 


D 4 


°6 


W,01> = 1, 
(ai,0 3 > = 1, 


(ai,0 2 > = 1, 
(<*1,0 4 > = 1, 


°1 + 
Al 


"2 
Al' 




01 + 
Al+Aj' 


02 


^3 


^5 


W,0i> = 1, 

( a2 ,01> = 1, 


(ai,02> = 1, 
(o 2 , 2 > = 1, 



Relation / linked ^-components 



A 1 +A 1 - 



"1 + 



A 1 + A 1 - 



01 + 



01 + 
A-t 



02 



02 + 
A-t 



03 

A, ■ 



01 + 
A 1 +A 1 - 



02 + 



03 
A-t 



°1+ 


"2 




01 + 


02 + 


03 


Al 


Al 




A 1 +A 1 ' 


A 1 + A 1 - 






2aj 




01 + 


02 + 


03 + 




Al 




Al+A 1 ' 


A 1 + A 1 - 




»1 + 


"2 




01 + 


02+ 03 




Al 


Al' 




Al+A 1 ' 








2c*i 




01+ 02 + 


03 + 


04 


A 


1 + Al' 




Al A X 


Al' 


Al' 


"1 + 


°2 




01+ 02 + 


03 






Al 




Al A X - 


Al' 





Pa 



Qj's. adding 
generate 

generates 



Non-zero scalar products 



^3 


D4+I1 


("1 


3l> 


= 1, 


{"1,02) 






{"2 


0l> 


= l ' 


(°2 , 02) 


-D 4 


o 6 


< Q1 


°2> 


= 1, 


("l,0l) 






(«1 


02 > 


= 1, 


("1,03) 






(»2 


01) 


= 1, 


("2, 02) 






("2 


03) 


= 11 




D 4 


E 6 


(«1 


o 2 ) 


= 1, 


<<*1.01> 






< ai 


02 > 


= 1, 


("1,03) 






<e*2 


/3l> 


= 1, 


("2,02) 






<°2 


03) 


= 1, 




D 4 


°6 


(«1 


"2> 


= 1, 


("1,01) 






("1 


02) 


= 1 ' 


("1, 03) 






{"2 


01> 


= 1: 


("2 , 02) 






("2 


03 > 


= 11 




D 4 


«6 


(«1 


01) 


= 1, 


("1,02) 






l»l 


03) 


= 11 


("1 , 04) 


D 4 


o 6 


( = 1 


°2) 


= 1, 


("1,01) 






(»1 


02 > 


= 1 - 


("1, 03) 






("2 


01> 


= 1; 


("2 , 02) 






<e*2 


03) 


= 1, 




D 4 


o e 


(«1 


01) 


= 1. 


("1,02) 






(«1 


03) 


= 1, 


("1,04) 


D 4 




(«1 


"2) 


= 1, 


("1,01) 






( = 1 


02) 


= 1, 


("1,03) 






<»2 


01) 


= 1, 


("2, 02) 






("2 


03) 


= 1, 





Relation / linked [-components adding Non-zero scalar products 

generate 

generates 

E-sernisimplo pr: A i 



a 1 + o 2 01+ @2 

M A, 

"1+ °2 = Pi 



A 3 D 4 (oi,ft) = 1, <Ql,/3 2 > = 

(c«2./3l> = 1, («2, £<2> = 1 

A 2 A 3 («1,« 2 ) = -1, <Ql,/3l> 

1, (<* 2 ,£l> = 1, 

A 3 -D 4 (<*1.01> = 1. (oi, 02> = 

(c«2,/3l> = 1, <Q 2 , |3 2 > = 1 



